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INTEGRATION 


OF 


DIFFERENTIAL EQUATIONS 


BETWEEN TWO OR MORE VARIABLES. 


SECTION I. 


DIFFERENTIAL EQUATIONS OF THE FIRST ORDER AND 
DEGREE. 


1. In that part of the Integral Calculus which relates 
to the integration of explicit functions of one variable, we 
have to determine the relation between y and & from the 
equation 


d,y =f (x) > 


in the present portion, we have to determine it from the 
equation 


tS (dy, ays sei nls atfs v)=0; 


or to assign the relation between #, y, x (where x is a function 
of the independent variables w and y), or between a greater 
number of variables and their functions, from the equation 


F (de%; d,,%; Bs BV, y) = Os 


or from other equations in which a greater number of variables 
and differential coefficients of higher orders are involved. 


2. A differential equation is said to be of the n" order, 
when the differential coefficient of the highest order which it 
involves is the 2". 


J 


2 


A differential equation of any order is said, moreover, to 
be of the first, second, &c., degree, when the differential co- 
efficient which marks its order, is raised to the first, second, &c., 
power. 


To integrate a differential equation of any order, is to 
pass to the primitive equation between the variables and the 
constants, from which the proposed may have been derived 
by the process of differentiation. 


3. We shall begin with the simplest case, viz. that of 
differential equations of the first order and degree, which will 
be of the form 

M + Nd,y = 0, 


M and N being functions of « and y. 


Every differential equation of the first order and degree is 
either the direct derived equation of a primitive; or it results 
from the combination of the derived equation with its pri- 
mitive, so as to eliminate a constant which enters in each only 
to the first power; the former sort are called exact, the latter 
inexact. 


4. First, let w=f(v, y)=0 be an equation between & 
and y, by virtue of which y is a function of w; then, as is 
proved in the Differential Calculus, d,y is given by the equa- 
tion 


or, since div, dw, are functions of « and y which we may 


represent by M and N, 
M +Nd,y =0, 


a differential equation of the first order and degree, of which 
f (#, y) =0 is the primitive or integral. Now if f(a, y), 
besides other constants which are affected with «w and y, 
contain a term +C independent of w and y; this will not 
enter into M and N, having disappeared in differentiating ; 
and if there be no such term, we may add it, and f(#, y)+C =0 
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is still a relation between w and y which satisfies the equa- 
tion 
M+ Nd,y=0; 


under this form it is called the complete integral; and the 
constant C, which does not appear in the differential equation, 
is called the arbitrary constant; if the integral did not contain 
such a term as + C, it would not be sufficiently general, and 
would be only a particular case of the complete integral. 


We shall presently give the test which every equation of 
this sort must satisfy, and the mode of integrating it. It is 
evident that no equation of the first order which is not of the 
first degree can be exact. 


5. Next, let C, be another constant which enters to the 
first power in the equation 


f(a, Yy) + C=0, 


then C, will be affected with 2 and y, and will consequently 
appear to the first power in 


M+Nd,y=0; 


and if a value of C’, be obtained from either of these equations 
and substituted in the other, the result will be 


M, + N,d,y = 0, a 


an equation of the first order and degree, involving all the 
constants which enter into f(x, y) + C = 0, except C;. Hence 
whilst the direct derived equation of 


f(a y)+C=0, viz. M+ Nd,y =0, 


does not involve the term C which is independent of & and y, 
there will be as many other differential equations of the first 
order and degree that have f(«, y) + C=0 for their primi- 
tive, as it has independent constants entering only in the 
first power; if any constant enter in a dimension above the 
first, the differential equation obtained by eliminating it, will 
evidently not be of the first degree. 
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There are two principal methods of integrating equations 
of this sort, which consist either in separating the variables, 
by substitution, or some algebraical process; or in restoring 
the factor which makes them exact. 


Exact Differential Equations of the First Order. 


6. Let y be a function of « determined by the equation 
i) ion) ee 
then the equation which gives the value of d,y is 
du +d yu-d,y =0, or M+Nd,y=0; 


the notation d,,%, dy, implying that these differential co- 
efficients are formed on the hypothesis that y is not a function 
of xv, i.e. that # and y are independent; then, as proved in 


the differential Calculus, 


dy M = da N. 


Conversely, an equation of the form M+ Nd,y =0 being 
proposed in which M and WN are functions of x and y, if the 
condition 
Cy M = dN 


(which is called the criterion of integrability) be satisfied, the 
equation results from the immediate differentiation of an 
equation of the form f(a, y)=0; if this condition be not 
satisfied, there exists no equation by the simple differentiation 
of which, the given equation can be produced. 

7. To integrate the exact differential equation 


M+ Nd,y =0. 


Let the equation from which it is derived be 


u =f (@, 9) =0; 
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then da) U ss M, diy U = N, and dy M = diay N 5 
»— “us fey M + We 


denoting by Y a function of y which may have disappeared, 
since M is the differential coefficient of wu relative to w, on the 
hypothesis that w and y are independent ; 


dwt = dy } fey M § + dy Y= N, 


 U= fy M+ LN - dy (fo M)§ + C= 0, 


the complete integral involving one arbitrary constant. 


8. Ons. The equation Y=/{$N-—dy(f,,M)} will be 
absurd, unless the expression N — dyy({aM) be independent 
of w; therefore its differential coefficient with respect to # 
must vanish ; 


oe dN = day fA) = Ua N — Ay Ae) (fey M) = UN — dy) M 


must equal zero, which it does, since the criterion of inte- 


grability is supposed to be satisfied. 


9. As the simplest case of exact equations, we may first 
notice those in which the variables are separated; they will 
be of the form 

X + Yd,y=0, 


where X denotes a function of # only, and Y a function of 
y only; here the criterion of integrability is manifestly sa- 
tisfied, for 


dy X =da¥ =0; 


(y) 
and the complete integral is 
Be ekete eld. =3C5. 40K af AGt LY =.C. 
To this case may likewise be reduced the equation 


AY, + YX, d,y = 0, 
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which becomes, when divided by X,Y;, 


Kia Wag a 
XT aye 
1 
Ex. 1. Pcs Ga = 05 


1 
ee lol ah 
fC 


. v e a Yy e ‘iouat 
sinTh= gin ising 1, 
a a 


i ; 7 
2 2 
: Dey a : é 
or sin-* (* E812) onl, 
a rd, a a 


or w/e@-y+yVe — a =aC; 


at which we may also arrive, by multiplying the proposed 
equation by wy, and integrating by parts, which gives 


—yVJ/ a? = a? + fir/ a? — a y—a/ ey t L/ ey + C=0, 
or, since the part affected by the sign {,, viz. 
J a —y + J/ a — wv d,y, 
is equal to zero by the proposed, 


y/ae-avtra/ae—y=C. 


Ex. 2 lL+y+y+(1+e+4+ 2") d,y=0 


C(w+yt+il)=2ay+e+y-—1. 


10. The following are instances of the integration of 
exact differential equations by the method of Art. 7. 


Ex. 1. av+by+e+(be+ my +n) d,y = 0. 


d M=b=d,N, 


(y) 


Qiyu =avt+by+e; 


wae +(by+c)v+Y, 
due bad Yh bet Met 7 
d,Y¥=my+n; 

Y=tmyiny+C; 


(aa + my’) + (by +c)a+ny+ C=0. 


1 1 é 
Ex. 2. nag arama meee (- - | d,y = 0, 
J a? + YP Y yV/xerty® 


log (w + +/2? + y’) + C=0. 


2 ex 
Ex. 3. 2 ty T2adey = 0," log (e2veoe 


yV/ a —y? 


Rien yt+ax+(1—ay)d,y 
y+ Sayv—at+ax’ 


)+C=0. 


w/a —y 


= (. 


Homogeneous Equations. 


11. We come next to the case of inexact equations, in 
which the variables are separable by substitution; of these 
the most important class is homogeneous equations. 


Let M+ Nd,y=0 be a homogeneous equation, that is, 
one in which each of the functions M and WN is or can be 
expressed by series of the form 


M =ay"v~” + bya" + cy? a"? + &e., 
N = ayta'" + By’a"-” + yyTa"-™ + &e., 


the sum of the dimensions of x and y in each term of M 
and N being equal to r. 
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Let y= ax where x denotes a new function of v, then 


M=.a" \« (2\" + b (2) + Ke = w" f(x), 


a 
y\" 7s 
N = «" oe — = 2" : 
w fa (4) +B (2) + &esp a” (2) 
d,y=2+ad,2. 


Hence, making these substitutions in the given equation, and 


dividing by 2’, 
f (2) + O(a) {2 + vd,x} =0, 


or ns de® = 0 
het AGO aa 
(2) 


in which the variables are separated. Similarly, the variables 
may be separated by making #=ys; and the latter substi- 
tution will be more convenient when XN is a more complicated 
expression than M. 

Hence it is easy to effect the separation of the variables 
in equations which are either homogeneous, or can be made 
homogeneous; besides these, the number of equations in 
which that separation is possible, is very limited. 


Ex. 1. 3y'#+2a2'° + y'd,y = 0. 


M 3y'x + 22° & uN” 1S) ae 
ete Bee 5 =3242(") = 45; 
N y y y pe Ege 
1 d.% i 
oun om mare 
ine 
ae 
1 Bdyk 
8) i Ud; 


ve x4 3e%742 


1 23 z d i 
or ~+ |[-—- ~ 4} 4.2 =0; 
v ee ame E ; 


-. log v + log (x* + 2) — Slog (x + 1) = log C; 


x (x7 + 2 
Jf +1 
2 
Xv” 
ate; 
y 
tg 


8 (w~-y)d,y=Ury, tan~ = = log 


4, (a —y’)d,y -—2ey=0, aw +y=Cy. 


b. ady —y=/ # — 4", sin-\—=log —: 


6. wdye +y=V/a' ty’, OE Oe ttt CV" ab as 
7 Sy t WA y - V2) dy = 0, | 
— 2 anfu— Sy 
log (y —\/ ay + #) + —= tan! (= *) =. 


12. In the following instances, the equations are not ho- 
mogeneous, but are made so by easy substitutions. 


Ex.1. avt+by+c+(ma+nys p) d,y =0. 
Let an +by +ce=%, Me+-ny + p=, 


x and v denoting functions of v; then 


a+bd,y=d,z, m+4+nd,y=d,v; 
2 
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m+nd,y =d,v.d,% = (a + bd,y) d,v; 
m—ad,v _ es 
bdo hh = eS Saye 

or mv—nx+(bz-—av)d,v=0; 


this being homogeneous, assume v = zw, w being a function 


rel (aw-—b)dw ; 
z n-(m+bwtaw ; 
in which the variables are separated. 
Ex. 2. a" (ay + bed,y) =y" (ay + Bed,y), 
d, 
or (ba” — By") i 


1 
= (ay ae LT) oe 


Let a=, y"=v, 2 and v being functions of a, 


Ms 

-. (bz — (bv) — d,v =av —az 
(bx — Bo) ~ a. 
which is homogeneous. 

Ex. 3. 


d,y +ay"v? + by!a” =0 will become homogene- 
p+l 
neous by making y= s!-”, the equation of condition between 
m, 2, p, q, being (p+1) (1-9) =(m+1) -™m). 
vy’ 
pa. def = 
te oY 4 vy 


This may be written 
1 v 
nati ie -_——. 


and therefore becomes homogeneous when zx is written for —. 


y 


1] 


Linear Equations of the First Order. 


13. The next important class of inexact equations of 
the first order which admit of being integrated, are linear 
equations, the general form of which is 


d,y + Py=Q, 
P and Q being functions of «; they are called linear because 
they involve no power of y above the first. 
Assume y=vz, v and x being functions of a, 
vd, +2d,v0+ Pvs=Q. 


Now sz being an indeterminate quantity, may be assumed so 
that the equation last written down may resolve itself into 
two others, each of which admits of the separation of its 
variables; to this end let 

vd,% + Psv =0, 


d,% 


or, dividing by v, d,s + Ps =0, or + P=0; 


logs=—{,P, or zs=eF". 
The remaining part of the equation gives 
zd,v=Q, or, substituting for z, d,v = Qef’; 
v= f,Qel" + C, 
and y=eFeP$ (Qele? + Ch, 
the complete primitive involving one arbitrary constant. 
Oss. It is unnecessary to add a constant after perform- 


ing the integration indicated in the equation x =e-/"; for 
lei s=e Set = Ces"; then 
/ 


y=sv=CeS? {a fQet + cf = eS? (f,Qel” + CC), 


which is the same result as before, since CC, is equivalent 
only to a single constant. 
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14. If we differentiate the result 
yes? = [.Qel? + C, 
we get e/:? (d,y + Py) = e?Q, 


which shews that if we multiply the proposed equation by 
eJ/-*, each member is separately integrable; and this is the 
most convenient practical mode of integrating it. When it 
is once known that the factor which makes the equation in- 
tegrable is a function of # only, its value may be immediately 


found; for let it be denoted by ©; then 
Xd,y + (Py — Q) X =0 is exact, 


dX 
d,X =d, (Py - Q) X= PX, or >a PE; 
log X = [,P, or X = ebe?, 


15. It must be observed that if the second member of 
the equation d,y + Py =Q be multiplied by any power of y, 
it is still reducible to the standard form of a linear equation 
of the first order. For suppose the equation to be 


dy + Py = Qy’, 
then dividing both sides by y", and multiplying by — (nm — 1), 


we get 
1 1 


Hence the factor which makes both sides integrable is 
e~™-DfsP and the result is 


oa = 6 - DLP S (n =e LHe Qeait- dieias Gk 


y” 
oo a 
Ex. 1. d,y- y= 
oJ ie whe 1+ a?’ 
av , 
aie f,P = — 4 log (1 + 2*) = log 


Ba Vita 


y=an+OrV/1 + x. 


His 2: dey + y= ay, 


1 2 
OFS ae (=) — == — 24a, 
y Y 


f 24 i 25 de — AW, ese? = Coca. 


e7 2 
Lees fe**(- 20) =e a — [,e-** = e~** » a te* aE C; 


y” 


1 
in =7+ 4 4+ Ce, 


2 


3. dy + : ae = aly, Jy = Ci — at - $(1 — 2°). 


uv 
1—2a r 
4. d,y+——y =1, y = wv (1 + Ce’) 
3,3 ] 4 ? 
5. dy = ay’ — vy, —=a°+14+Ce 
y 
: bsin@ + cos & 
6. d,y = asin wv + by, y= -— a. ———_—_ uf Ce. 


jt EY pe 


Riccati’s Equation. 


16. There are certain cases of the equation 
d,y + by’ = ax" 


(called Riccati’s Equation, after the Mathematician who first 
considered it) in which the variables are separable. 
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d, 
First, let m=0, then d,y=a—by’, or sem = 1, where 


the variables are separated. 


U é 
Secondly, let m=-—2, and assume y = ee wu being a 


function of wv; 


cd,u=a+u— bu, 


where the variables are separated. 


: i U 
Thirdly, let m=—4, and assume y = — + —, 
bx ax 
- 1 ZANTE IT 1 7 Ou) bu a 
OL) 0 Ui id perme Hharm Gash os Gh asycage aed a tp ER — + 3 
ba? a ax ba’ a a! vw 


~. 2a + bu =a, 


where the variables are separated. 


17. Besides the above, the variables are likewise separable 


k — 42 
in the cases when m = 
94+] 


, 2 being any integer from 0 to 


infinity; all which values of m evidently lie between 0 and — 4. 


: — 4% 
First, let m = — : 
24-1 
A 1 1 
ssume y=— + ——3 
y be au 
d 1 2 du 
ad ba® au atu? 
4 
by® = aa" = — + —— ~— av” 
y ba? xu te 


.. adding these together, 


b du 
2 — ar" — 


O = 9 
wu vu? 


or v’°d,u+au'ax"t*—b=0. 


mi m+2 
Now, let r=s™"+3, then d,w=d,ud,% =(m + 3) 2™+3 du; 


m+ 4 m+ 4 
2“. (m+ 3) 2"+3 du t+ au?s™t3—b=0; 


a b m+4 


ea ty +. vw? = ——_ ¢ ™+3, or d,u+b,Wv=a,8™. 
m+3 m+ 3 
— 42 m+ 4 44 — 4 4(t-—1 

But m = A 3 AME SNES Ga) Sieh ted “gone AE “ab besVe 
24-1 m+ 3 24-3 2(¢-1)-1 


Hence by these substitutions the equation is transformed 
into another of exactly the same form, with 7 — 1 instead of ¢ 
in the index of the variable in the second member. 


1 
for u, and g,™+3 


it oh 1 
Similarly, by substituting is + sas 
1* 1 


for x, we shall transform the equation into another of the same 
— 4(i- 2) 
Q2(-—2)-1 
stitutions the index of the variable in the second member will 
become zero, and the variables will be separated. 


2 


form where m, = ; and consequently, after 2 sub- 


— 44 
Secondly, let m = — ? 
7+1 
1 
Assume y = —, 
u 
d,,U 
then - —— + — =a", 
uU 


or —d,u+b=a2"uv', 
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1 m 
let e=amt!, then d,w=d,ud,% = (m+ 1) 38™+1 d,u; 


m m 


w= (m+ 1)2"4! dw t+ b=az™t! uv’, 
b i eY. 
or d,u + UU” oe x ie ate 
m+1 
— 4 —22+41 
but m= : m+il=—— 
20+ 274+1 
m — 42 — 42 
mae 2104 feo ge 


Hence by these substitutions this case is reduced to the 
— 4% 

274+] 

equation d,y + by’? =ax" can be separated. It may be observed 

that the more general equation, d,y + by’ «!-' = aa’, is reducible 


former; and therefore when m = , the variables in the 


to this form by putting #7 = x. 


18. We shall now give some other instances of equations 
in which the variables are separable by particular substitu- 
tions. 


Ex.1. a(ed,y—y) =(a+yd,y) / 2? +y? — a’. 
When an equation contains the expressions 
yd,y+a, wvd,y—y, J x + Y’s 


the introduction of polar co-ordinates will sometimes effect the. 
separation of the variables; that is, to assume : 


x=pcos8, y=psin6, 
p being supposed a function of @, for then 


ydyy +vdgx=pdyp, adey —ydya = p*. 
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Hence the proposed equation, which considering # and y 
as functions of @, may be written 


a(avdoy — ydow) = (adga + ydey) / a? + y — a’, 


becomes ap” = pdgp V/ p’ — a’, 


3 a0 =/pP—a?—asec£4¢, 
a 


G. 


or atan” = /a +y—a@ — a sec 


avert y 
——$———____ + 
x a 


Ex. 2. y-—wd,y+d,y Aer + by) a NS 
y 


v 
or WN TAB IN Ca liie\ ae 0. 
ue 


let = =z, x being a function of y, 
y 


then yd,v —-v=y'd,z ; 


yds +vV (ax +b) sy =0, 
where the variables are separated. 


e+ar—y 
Revs Wing es se Sn 8S, 


a 


Since this is satisfied by y=, assume y= +27", 
‘ 1 1 —2 
L—2z7*d,2=1+ as (- 2ZUBZ —& )s 
a 


2H 2 1 é : é : 
or d,% — — — =-—, which is a linear equation; 
a a 


3 


TS | a 
ve “pais pe a4 C, 
av? 
ee x 
or re fre a® 4 C 
y-@ a 


Ex. 4 (l-ay)d,y+y’ + aa =0. 


S— aa + ax 
Assume y=-———, so that x= J : 
1+ #2 1— vy 
g a“ 
then te Sf ee Met 
- — ee eae 
where the variables are separated. 
n(1 + y?)é 
Ee ot Obi dye ee 
J 1 + x 
G—-e 
assume y = ; 
Y 1+ #2 f 
d,% 1 


—_____*____._.._-. - -____ = 0 
(LS) a A Tie) ee 


Euler’s Equation. 


19. To integrate the equation 


d,y/atba+cx? + ea + fat+ J/a+by+cy?+ey + fy'=0; 


or, considering # and y as functions of a new variable ¢, 


diy ni OX d,ar/ Y¥ = 0. 


Let the function of ¢ which expresses x be determined 
by the equation d,v = J A, and therefore that which ex- 


presses y by the equation dy = —»/Y; also let L+Y=P, 
“—y=q, p and q being functions of ¢. 
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Then since (d,v)’=X; .. 2d,v d?x=d,X, or d2v=1d,X; 
. °. 2 3 ; 
similarly d?y =134,Y. 


ae d?p=4(d,X + d,Y) 
= $2b + 2c(#+y) + 3e(a*+y’) + 4f(v' + y)§ 
3e€ 
= (Oa CR i re Y(wt+y) t+ (w-y)} 


YC ae eG Sa 


3e 
=b+ep+— (p+ 4°) +3 fp (p+ 3¢"); 
and d,p.d,q=X—-Y=b(«-y) +¢(#*-y’) +e(a*—y°) + f(a'—y') 


ay; eC Nl (3 ane \V+if (p? 2\'s 
q+epat+7 qaGp tg at Pa (p’+ 9’); 
dip ——dp.dg=<@+ fp? 
LON aes a 


d 2 
or d, ea = ed,p + 2fpd.p; 


d 2 
ee =C+ep+ fp’; 


dp =q/C + ep +fp*s 
or SX-WVSV = (a-y)/ C+e(wty)+f(w+y)’, 


the integral required. The discovery of this integral, which 
is due to Euler, was of great importance, as being the first step 
towards the foundation of the Theory of Elliptic Functions. 


20. To integrate the equation 
nf Dos ce” sin’ Wy +a/1 —c’sin’ d dy =0, 
or considering @ and y as functions of another variable ¢, 


J/1 —c sin’ yy dg + ait — ec’ sin’ dd, = 0. 
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Let dp=/1-c' sin’ , and .. dyy=— J/1— sin’; 
- (py =1-—esin’d, (dip) =1- c* sin? Wy; 
do + df= —-— $e (sine + sin2w), 
d?p — d?yy = — $e" (sin2¢@ — sin2y)). 
Let p=Gt+ wy G=P-V 
4 d;p = —c’ sin p cos q, 
dq = — e’cos p sin q, 
and d,p.d,q = (ad) — (d,W)’ = — & (sin’h — sin’ W) 
3 
2 


—_— 


(cos2q@ — cos2v/) = —c* sin p sin q. 


nD) cos g dig. 


Set ] d = | 3] > 
AG ay og (d,p) = log (C sin q) 


- dp=Csing; similarly dq =Csinp; 


n/c sin” eV/1—¢ sin? J, = Csin(d+wW) 


is the integral of the proposed equation; which is only 
Euler’s equation under a different form. 


The equations J/1 +y* + /1 + wt d,y =0, 
Sy —-y+V/a — av dry = 0, 
are immediately reducible to the above form, viz. 
Jl —Lsin?y +/1—4sin? p dy = 0; 
/ 


the former by making «=tan}q, y=taniyv,; the latter / 
by making rJ/ wv = cos @, WAN = COs Wp. y 
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On the Factors which render integrable a Differential Equation of the 
First Order. 


21. The most natural way of obtaining the complete in- 
tegral of a differential equation of the first order, is to prepare 
it so that its first member may become an exact differential 
coefficient ; for then we shall have only to integrate and add 
a constant. This preparation is always possible by means of 
a factor, when the equation is reduced to the form d,y + K =0. 
For let an equation f(x, y, C) =0 be resolved with respect 
to C, so that 


C= p (a, 4) 3 | 
-. by differentiation, 0 = P+ Qd,y, or d,y + 5 = 0. 


Now the equation M+ Nd,y=0 may be put under the 
form d,y + K =0, which agrees with the preceding, and may 
consequently be supposed to have arisen from the elimination 
of a constant between the primitive f(v, y, C)=0, and its 
immediately derived equation. On this supposition, therefore, 


P 
d,y + K =0 is identical with d,y + 0 =0; 


v d 
* day + K=O, 


or d,@(«, y) = Q(d,y + K), identically. 
The second member therefore is an exact differential 
coefficient, which proves that there always exists a factor 
proper to render the expression d,y + K integrable. 


22. But although the existence of the factor in every 
case is thus established, the investigation of it is usually 
attended with greater difficulties than the solution of the 
original equation. 


For let P+ Qd,y =0 be an exact differential equation ; 
and let x, a function of 2 and y, be a common factor of 
P and Q, so that P= Mz, Q=Nzx, by the removal of 
which, the equation is reduced to the inexact state, 


M+WNd,y=0; 
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then because P + Qd,y = 0 is exact, 
diy P = dQ, or dy(M2z) = d.(N2), 
M+Md 8 = 8dN + Nd 


(Y) (ays 


N); 


or BA yy 


or Nd.x — Md.,% =3(dyM — da, 
an equation between x, y, , and the partial differential co- 
efficients of s, for determining the factor x. The consideration 
of this equation in its general state must be reserved till we 
come to treat of partial differential equations of the first order ; 
but the following particular cases may be noticed. 


23. First, suppose that the factor is a function of only 
one of the variables 2, then diy)% = 0, and the equation be- 
comes 


d,, Ril 
as 55 (yy — da)N )s 


which, being integrated, gives x; for the hypothesis requires 
that the second member should be independent of y. 


Similarly, if the factor be a function of y only, it will 
result from the integration of 


O98 


i> 
wo 


N-d,yM), 


1 
meh Ts (Qe) 


of which the second member is independent of «a. 
Hence, if in any equation M7 + Nd,y = 0 we find 
= (d yl — diy) = x 
a function of & an or 
= (dV — dy M) = Y 


a function of y only; the factors which may make it integrable 
are respectively e/**, efv¥, 
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Ex. 1. d,y+ (Py — Q)=0, the linear equation of the 
first order. 
This compared with M+ Nd,y =0, gives 
Ma Pes Qa =1; 


. dyM-d,.N=P, and 


(2) dy, M -—daN) =P, 


x (Y) 


a function of x only; therefore the factor is e/=”. 


xs 2. y +(1— ay) d,y = 0, 
M=y, N=1-«2y, 
day N — dy M = — 3y3 


1 “a 1 
(0 Nero en) = los 
Sa (73 dy) ) aie a 


therefore the factor is gh 


24. In the case of homogeneous equations, a factor 
y proper to render them integrable, is readily discovered by 
means of the property that if w be a homogeneous function of 
n dimensions of the independent quantities ¢ and x, then 


nu =tdwu + sd,u. 


For suppose V, a homogeneous function of # and y of m 
dimensions, to be a factor which makes M + Nd,y an exact 
differential coefficient, M and N being homogeneous functions 
of w and y of r dimensions; then if U denote the primitive, 
it will be homogeneous and of m+7 +1 dimensions, and we 


shall have 


VM +VNd,y =d,U, d.U=VM, dU =VN, 


“VM +yVN = (m+r7r+1)U; 


Ln UAC S4_ EG} ao) 


' Ma+Ny m+r41- 


>) 


Ste | 


24: 


and as the second member is an exact differential coefficient, 
it follows that the first is so likewise, and consequently, that 
M+ Nd,y is made exact by means of the multiplier 
1 
Tr 
25. The property of homogeneous functions assumed 
above is easily proved. Let uw be a homogeneous function of 


the independent quantities ¢ and x of m dimensions; then if we 
change ¢ into ¢(1 + A) and g into x (1 +h), w will become 


u(it+h)=w+nuh+ &e. 
But by Taylor’s theorem, w will also become 
u+du.hi+d,u.hz+ &e. 
therefore, equating the coefficients of h, 
nu=tdu+s2d,u. 

And, generally, if w be a homogeneous function of m di- 
mensions of any number of independent quantities ¢, x, w, &e., 
and we change them into ¢(1+), <(1+h), w(1+A), &c., 
the new value of « will be equally expressed by w (1 +h)” or 
by eltdt+2d-+)ha; and equating the coefficients of h’ in 


these two identical expressions, we get, separating as above 
the symbols of operation from those of quantity, 


n(n—-1)...m-r+1)u= (td+2d,+ wd, +...)'u. 


Ex. wy+y’ + (vy — 2) d,y = 0. 
The factor is 
i: 1 } 
(cy+y)a+(ey-a)y rye” 
ayt+y wey-«# 
Qy" x Qy° x 


dy = 0, 


is an exact differential coefficient, and gives the primitive by 
BAS Cs A « 


v 
— ] C =m 0. 
ate og (wy) + 
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26. Whenever the variables can be separated in an equa- 
tion, a factor which makes it integrable can also be found. 


For suppose that M+ Nd,y=0, by the introduction of 
two other variables wu and x, is transformed into R + Sd,u = 0, 
so that 

M+Nd,y=h+ Sd,u; 


and suppose V to be a function of wu and gz, such that if 
we divide R+ Sd,u by it, the variables are separated, i. e. 


R S 
— contains x only, and T contains « only ; 


y 


1) 


1 R 
p(t + Nd,y) wig du 


: : : ; 1 : 

is an exact differential coefficient ; and consequently y? which, 

upon restoring the values of w and x, becomes a.function of 

wand y, is a factor which makes M+ Nd,y =0 integrable. 
Bx. 1. a+ ba’y’ + x'd,y = 0. 


Assuming y= =; we find 


at ba’y + a’d,y=a+t bw + xd,u —U, 
and dividing by #(a—u+ bu’) we get 


d,u 


a+ bay’ + a’d,y 7 
a-u+bu 


1 
eee ee — + 
vu(a—-u+bu’) & 


1 ] 
a(a—w+bu) ax —x’y + bay’ 


is a factor which makes the proposed equation integrable. 


Ex. 2. yy +auv+(1—-ay) d,y = 0. 
4 
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z—ax’ 


14+ 23% 
which makes the proposed integrable is 


1 
y+ Saya -—at+an 


By assuming y = , it may be shewn that a factor 


Ex. 3. M+ Nd,y =0, a homogeneous equation. 


In this case we know, that making y=azx, we have 
M=2' f(z), N=a'd(s), 
and M+Nd,y=a' f(x) + ad (2) {x 4+ 2d,2}5 
consequently, dividing by wt’ } f(s) +2 (2)}=Ma+ Ny, 


we get 
M+Ndy_1  (2)d,x 


Max+Ny ~ a2 f@+so) 
1 


Ma+ Ny 
is a factor which makes the proposed equation integrable. 
M+wNd,y . is ; : 
Oss. That meee Mh is an exact differential coefficient, 
Mxe+Ny 


provided M and N be homogeneous functions of # and y of 
the same dimensions, admits of an easy proof as follows. 


M IN 
a eneiter chew chatty recs) > 40a) 
piaaaete gsce™ cerns Ma+Ny ’\Ma+ Ny 


Now putting an %, we have 
x 


M pi Lamy 1 J 
Me+Ny « Ny «w 1+ F(z) 
pb 
Me 
N “( Mex ) =: 1 1 
Ma+Ny y Max+Ny) y y1+ F(z)’. 
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1 

df (3) .— 

d ( M )- 1 2 W(x) & 
\Ma+Ny! «$14 F(x)}?’ 


y 
O\Ma+Nyl  y° 314+ F(s)}?’ 
which expressions are evidently equal to one another. 


27. There always exists an infinite number of factors 
which render an equation of the first order and degree inte- 


grable. 

For let x be the factor by means of which the equation 

M+ Nd,y =0 
is made integrable, and w= 0 its complete primitive, so that 
s(M + Nd,y) = d,u; 
multiply both sides by F'(«), where #'(w) denotes any func- 
tion of uw, and we have 
s F (uw) (M+ Nd,y) = F (u) d,u; 

and as the second member is an ae differential coefficient, 
it follows that the first is so likewise; therefore x /' (uw) is 


a factor which makes the proposed equation integrable, what- 
ever form be assigned to F' (2). 


28. The following geometrical problems are added to 
illustrate this part of the subject. 


I. To determine the trajectory of a given family of 
curves. : 


Let 4d’, BB’, (fig. 1.) be two of a family of curves 


resulting from the equation f (XY, Y, ¢) =0, by given par- 
ticular values to the constant c; and let 4B be a curve which 
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cuts 44’, BB’, and all the curves resulting from the equation 
by giving all possible values to c, at the same angle; then 
AB is called the trajectory of this family of curves. Let 
&, y, be the co-ordinates of the point 4 in 4B, between which 
we are required to find a relation ; AT’, AT, tangents to the 
curve and trajectory at 4, tan TAT” =a; and let a value 
vy (X, VY) of d,Y be obtained from the equation f CX, Y, c) = 0, 
not involving c; then at the point 4, tan A7T"N=y (a, y), 
and tan A7'N = d,y, 


Pan d.y — (a, Y) 
1+d,y.W (a, y)” 


the differential equation to the curve 4B; and as it does not 
involve c, AB will cut every curve in the series at an angle 
whose tangent = a. The equation when integrated will in- 
volve an arbitrary constant, and consequently will represent 
a system of curves, every one of which cuts the former system 
at the same angle; the constant may be determined, if a 
point through which the trajectory is to pass, be given. If 
the angle T'AT” be a right angle, or (a) infinite, the differ- 
ential equation to the trajectory, which is then called ortho- 
gonal, is 


J + d,y.ry (a, ) = 0) 


Ex. 1. To find the orthogonal trajectory to all curves 
resulting from the equation y’ (ce —2)=.«'*, by giving all 
possible values to ec. 


x? 


hice ¢ a=, “ -l=—-—, 4,y3. 
Y 
y+ 3a’y 
wi dey srw, 'y) = gra 


therefore, substituting for (a, y) its value, the differential 
equation to the trajectory is 


2u° + (y+ 3a°y) dy = 0; 


a homogeneous equation whose integral is 


a + y” = Gi V/ 2x + y’. 
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Similarly, let f(p, 8, ¢) = 0 be the equation to the curve 
AA’ referred to polar co-ordinates, and let it give for pd,@ 
the value y (p, @) independent of ¢; then considering p and 
@ as co-ordinates of the point A in the curve AB, 


tan SAT" = vy (p, 6), tan SAT = pd,0, 


a= YP 9) = 048 
1+ (p, 0) pd,0” 


which is the differential equation to the trajectory; or if it 
be orthogonal, 
1+ W(p, 0) pd,@ = 0. 


Ex. 2. Let the curves be a system of circles touching a 
straight line in the same point, then taking that point as the 
origin and measuring @ from the line, their equation is 


p=c sind, 
1 cos@ sin 9 
° aang’ or GU eae E Nale, 0) ; 
sn@. _. . 
tee aay pa,0 =0, or cos@+sin @pd,0 =0, 


or q, (—P-) -0; “. p=C cos0, 


the equation to the orthogonal trajectory, which represents 
a system of circles passing through the given point and having 
the given line for their diameter. 


We may generalize this problem, by finding the orthogonal 
trajectory of all circles described through two given points. 

II. To determine a curve such, that the locus of the 
extremity of its polar subtangent shall be a straight line. 


The polar subtangent is a line drawn from the origin 
perpendicular to the radius vector to meet the tangent. 


Let p, 0, be the polar co-ordinates of any point P in 
- the curve sought (fig. 2); then those of the extremity 7' of 
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its polar subtangent will be p'd,@ and 0 — oe which must 
satisfy the equation to a straight line, viz. 


p =e sec (0 —a); 


s p*d,0 = 0 sec (@-a~=) = 


Q sin (0 — a) 


c 


. = =sin(0—a)d,0, and “= cos (0\— a) 4..G. 
p Ke 
c 


ie CHcos (QL a)” 


the equation to curves of the second order, having the pole 
for one of their foci. 


III. To find a curve in which SG varies as SP, PG 
being a normal at P, and SG a fixed line through S. (fig. 2). 


Taking S'G for the axis of xv, the equation to the normal 
ator sis 
(Y-y)d,y+ X-2=0; 
therefore making 
Y=0, X=SG=«a«+yd,y, 


and SP=V/a?+y,  «. w+ ydsy=er/ a+ y’, 


or V#v+y=ertC, 


the equation to a curve of the second order. 


IV. To find a curve which is always cut by its radius 
vector at an angle proportional to the corresponding angle of 


revolution; that is, 4 SPT'cc 2 ASP, (fig. 2). 


Let p, 0, be the co-ordinates of any point in the curve, 
then the angle at which the radius vector cuts the curve, has 
for its tangent pd,0; 

do cos 20 ( p 


“, pd,@=tann@, or ai tay ie 


) = sinné. 
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SECTION | IL 


DIFFERENTIAL EQUATIONS OF THE FIRST ORDER, BUT NOT 
OF THE FIRST DEGREE. 


29. WHueEN a differential equation of the first order is of 
a higher degree than the first, we know that it is not obtained 
by the direct differentiation of its primitive, but results from 
eliminating a constant, (which enters into the primitive in a 
dimension above the first,) between the primitive and its de- 
rived equation; the degree of the differential equation and the 
dimension of the constant eliminated above the lowest dimen- 
sion in which it appears, being always the same. ‘The general 
form of such equations free from radicals, is 


(d,y)” + p, (dy) * + po (d,y)"~* + 22. + Pn-1dey + Pn = 0, 


the coefficients being functions of # and y. 


If this can be resolved with respect to d,y into its (m) 
simple factors, it will assume the form 


(doy +1) (dey + 2) ++» (dey + Qn) = 95 


then each of these factors put equal to zero, will be an equation 
of the first order and degree, whose integral may be found by 
the methods of the preceding section ; and any one of these 
integrals, as well as the continued product of any number of 
them, will evidently satisfy the proposed equation. If, there- 
fore, we integrate the m equations, 


d,y+q=0, dyY + 2 =9, vee deY + Un = 9 


and complete them all with the same constant C, as the 
proposed equation is of the first order, we shall obtain the 
required primitive involving C in the n™ power, by equating 
their continued product to zero. 
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2 
Ex. 1. (d,y)?+—d,y-1=0; 
. 


day +" = LONE y? 


d, 
or ct Nl tere 


+/y? + a= +C, and ~Jf/y+a=u+C; 


. xt v-C-a)\(Vy +a + C+) =0, 


or y +a°-(C+2)?=0, 


ory =—2Cau. 
Ex. 2. a (d,y)? —-2ay d,y + y — vy’ — at = 0. 


wdy —y= ara + y, 
a (2) 
es —_ 
2 
1+ (2) 
av 
log {2 -/1+ (2). w+ C, 


‘Y¥ 


a eee Na 


J a + y’ +y =cwe*, changing the constant, 
and fa? +y?—y =cwxe’; 


(J a? + y° —cve*+y) (/ a? + y” — cxve* — y) = 0, 


\ 
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30. When the resolution of the proposed equation into 
its simple factors is impossible, there are still various forms 
for which the complete primitive can be determined, or its 
determination made to depend on elimination; this is done 
by means of substitution, or differentiation, or other analytical 
artifices, of which we shall now give some instances. 


Ozs. The arbitrary constant in what follows is often 
reserved under the sign of integration. 


31. When the equation contains only one of the variables, 
x suppose, and can be solved with respect to that variable, 
so that ~=f(d,y); let d,y be denoted by p, then x = f(p); 
and integrating the equation d,y=p by parts, we get 


y= ap — f,ed,p = pf(p) — fpf (p); 


between which and the equation «= f(p), eliminating p, we 
shall obtain the required integral. 


Similarly, if we have y=f(p), since 
1 
d,v7=d,v.d,y = p rd (P)> 
we shall have to eliminate p between y = f(p), 


oe 
and # = | : d, f (p). 
P 


Bxoi.c 7 +v(d,y) = 1, 


1 
ies 
= — ta hy +C: 
gy 1+ p Pre 
ae 127 
y =r/ a (1 — #) — tan? +C. 


w@ 
axe <2. y= a/1 + p’, a+C=alog(/y—a+y).- 


This is the solution of the problem in which it is required 
to find a curve such that the perpendicular on the tangent 
from the foot of the erdinate shall be constant. 


5 
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Ex. 3. ys/1+p?= ap, 


a 
d aay Sac 
mt (1 +p’) 
a a p 
e+C= —_______, = ——=— + alo (2. | 
loaepy /1 +p : af Lp 


bg ante Y 
or a+ C=V/a-y + alog (FA). 
This is the solution of the problem to find a curve such 
that the tangent terminated at the axis of w shall be of a 
constant length. 


32. An equation not coming immediately under this 
case, may sometimes be reduced to it by putting p= ax, or 
ay ws 

Ex. (d,y)' + avd,y+a2°=0. Let p=az, 

as 


then v(2?°+1)+az=0, or r= — ae 
1+ 3 

a’ x’ (22° — 1) 

d,y =d,y.d,7 = — 


(+1) 7 
and x must be eliminated between the integral of this, and the 
: aR 
equation v= — erage Jc 


33. When the equation contains both the variables a 
and y, provided it be homogeneous with respect to them, we 


may assume Be #3; then the equation will take the form, 
@ 


(which is not solvable with respect to p by supposition,) 
Sf (% p) = 0. 

Suppose this capable of being solved with respect to x, and 

let it give s=@(p); now y= as gives p=% + ad,2, 

1 


] 
v Pp a? & 


d,& 
or —— ; 
substitute the above value of z, and integrate this equation ; 
then p must be eliminated between the result, which will be 
of the form log x= F(p), and y=ax¢q(p). 


35 
Ex. y-—ad,y=nx R/T (d.y)’ ; i 


f= ptnv/1+ pi; 


1_ d(ptn/i +p) _ Al dp ey, 
a —n/1 +p W\n/1 +p? J1+p 


1 ee BAe 

log w= — — flog (p +1 +p’) + nlog V/1 + pt + log; 
PRO ie FIV/ Lich! am J 1+ p> Lut Va aay 

/ 1+ p” ‘okies 


between which equations p must be eliminated. 


This is the solution of the problem, to find a curve such 
that the perpendicular upon the tangent from the origin 
shall vary as the abscissa to the point of contact. 


gy - a 
Let nm=1. —=1+p?+pV1+p, <= p+V/1+ prs 
& 


*>+(C -— 2x) a, Cy 
as Y= (1+p)(p+-Vi +P =, 


or = 4 =2Ca — #. 


34. Another integrable form is y = vd,y + f(d,y), which 
is called Clairaut’s form, after the Mathematician who first 
considered it. Substituting p for d,y, and differentiating, 
we get 


y=up+f(p), 
d,y=p=p+«xd,p +d,f(p).d.p; 
ju+d,f(p)}d,p = 0, 
which resolves itself into the two 


e+ d, f (p) oaaa d,.p = (). 
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The first of these gives p= q@(#) suppose; this value 
substituted for p in the proposed equation, furnishes a relation 
between # and y which satisfies the proposed equation, but 
which involves no arbitrary constant, and cannot therefore 
be the complete primitive. The other equation must there- 
fore lead to the complete primitive; but this gives p=C, 
and by substituting this value of p in the proposed we find 


y= Cae+f(C). 


Hence Clairaut’s form has the property, that the complete 
primitive is obtained by substituting the arbitrary constant C 
for p, in that form. If we integrate p=C, we find y=Cx+C'; 
but the condition of the proposed equation being satisfied gives 
C’ = f(C), the same result as before. 


We shall afterwards return to the consideration of the 
other solution, which is called the singular solution, and is 
not derivable from the complete integral. 


a(1+p° 
es P’) 


Ex.S) 7 =p 
P 


1 
Differentiating, we get p= p+ ad,p+ a (: ~ =) d, p, 
p 


or (x +a-) dp =o: 


a (1+ C*) 


d.p=0 gives p=C, and y=Ca + G , 


& 


the complete integral, and 


a a 
Oe oe 1 0 gives p= : 
P 


f+a 


which, substituted in py = a+ p’(#+ a), gives 


a 
APN =2a, or y=4ta(rt+a 
o+a ; d ita); 


f 


the singular solution. 


———— 
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Ex. 2. y = ap ++/B + a*p®, 
y =Ca+r/b? + Ca’, the complete integral. 
a’y’ + ba” =a’b’ the singular solution. 


This is the solution of the problem to find a curve, such 
that the product of the perpendiculars dropped from two 
given points upon the tangent may be invariable; for taking 
the line joining the two given points (whose distance 
suppose = 2c) for the axis of #, and their middle point for 
origin, and wx, y the co-ordinates of any point in the curve, 
the equation to the tangent at that point will be 


Y-—y=d,y(X-«2), or Y=d,yX +(y-—-«d,y), 
and the lengths of the perpendiculars dropped upon this 
line from the points (c,0), (—c,0) will be 
= IUCR Marek, 
Vitp 9 V1+p 
and the product of these is 


(y— op) OP" _ 4 
l+p 


» suppose ; 


y=ap+r/b 4 a’p’, putting a =b' +c’. 


35. A still more general case is the equation 


y=axf(p)+(p), 


which by differentiation is reduced to a linear equation of 
the first order in w;. for we get 


p=f(p) + «4d, f(p)d.p + dog (p) dep; 
sp—f(p)}d,« = ad,f(p) +4, p(p); 


AP(p) _ _ P(r) 
"f(p)—-p. fF (p)-p’ 


which gives a = /'(p); then p must be eliminated between 
this and the proposed equation. 


d,u +a 


38 
Ex. 1. y= ap’ + 2p, 


p=p +2uxpd,p + 2d,p, 


which is made integrable by the factor (p—1)°; 


ay No 


w(p-1)=- [ =-—2p+log p? + C. 
P 


1 1 ‘ ; A 
But p=--+'°/ J + -—; therefore substituting this 
xv eo $e 


in the preceding, we obtain the complete primitive between 


wv and y. 


Ex, 2. y=amp4+n/1+4+p°; 


2m—1 


m m—1 
m— 1) uz ” P 
ne Shai aoa ee 


Ex. 3 ytp(a-a)=nfVJ/14p; 


(a — x)" Ca qr 
Ya he eT 
I~ oe(n+1). 2(—1)(a-a) 

This is the solution of the problem of finding the path of 
a point P which moves uniformly towards another point Q, 
also moving uniformly in a straight line. 


For taking 4 (fig. 3.) for the origin, and AB, which is 
perpendicular to By the line in which Q moves, for the axis 
of x, we have, supposing P and Q to start together from A 
and B, BQ=nAP, or if AN=a, NP=y, AB=a, 


yt(a-w) panfJ1+p’ 
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36. In the following examples the method of  substi- 
tution succeeds. 


Ex.1. (1-p)ry=p(e’-y -c), 
which expresses that the normal bisects the angle between the 
focal distances; 2c being the distance of the foci, the origin at 
the middle point between them, and the line joining them the 
axis of &. 


YS & 


Let HAgtgi> ae Y= Ls — : 


therefore, differentiating, 


C 
ge Nd 30; 
ey ’ 


this resolves itself into 


got , which gives y’ + (@—c)?=0, 


L +z 


the singular solution ; 


: c 
and d,z=0; or «=C, which gives, y°=C (2 - : 
the complete integral. 
Car 3 Rpahey f 
If we integrate p= —, we get y°'=Cw* + C’, where C 
y 


must be determined by the condition of the proposed equation 
being satisfied ; and by this condition, in general whenever the 
method of solution raises the order of the equation, must the 
number of constants be reduced. 


By the same substitution may be solved the more general 
form 


axyp + p (a —ay’ — b) — wy =0. 


MREES 8 SES ee ; 
Ex. 2. ad,y—y= X VJ (ayy - 2¥ +1, 


Be? aE 


u 
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Let y=e@s, then d,y=%+ vd,2 = SA mas UGX * 


2 


ps 
a (d,2) = ary 1a (d,z)? +1—37t; 


re mn 


If X=1, we have sin-'x=sec '#+ C, 


or sin™! J sec welt 
xv 


Sx rand. 


Jao EPI CT arr 


2 = aye =| a” 
Mra Va + y 
Introducing polar co-ordinates, we get for the first, 


Tao = f(p), or d,@ i NS eye 
V/ (dep)* + pvp — if (p)}? 


The second gives 


a catia cs f(ob0 8), hore eae me 
V (dep)? + p’ p Ff (cos @) 


The former expresses that the perpendicular on the tangent 
from the origin is a given function of the radius vector; the 
latter, that the sine of the angle at which the radius vector 
cuts the curve is a given function of the cosine of the angle 
at which it is inclined to the axis of 2. 


\ 


SECTION III. 


ON THE SINGULAR SOLUTIONS OF DIFFERENTIAL 
EQUATIONS. 


37. From the complete integral of a differential equation 
we can deduce as many particular integrals as we please, by 
giving to the arbitrary constant particular values. But some 
differential equations are satisfied by a relation between a and 
y not containing an arbitrary constant, and not deducible from 
the complete integral; such a relation is called, as has been 
said, a singular solution of the differential equation. The 
existence of such solutions depends upon the fact, that when 
a solution of a differential equation has been obtained in any 
manner, it will still be a solution after a quantity of any kind 
has been introduced in any way, provided the same derived 
equation result. This is merely an extension of the principle 
on which the arbitrary constant is added. 


38. Before entering upon the general theory, it may be 
useful to consider the following particular instance. 


Let the equation 
MS wd,y +a+a@ (d,y)” (1) 
be proposed, which, since it falls under Clairaut’s form, has 
for its complete integral 
y=Cavx+a+aC*; (2) 
C being the arbitrary constant. If we now regard C, not as 
a constant, but as a function of a, and differentiate, we get 


d,y=C+ (e+ 2aC) d,C; 


and if we eliminate C between this and y = Ca+a+aC’, we 
shall obtain a differential equation, but not the proposed one, 


6 
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for that arises by eliminating C by means of the equation 
d,y=C. But if C be so determined as to make the co- 


e e @ . 
efficient of d,C vanish, that is, if C = — or then the derived 
a 


equation will be d,y=C, and the result of the elimination 


of C will be the proposed equation. 
Substituting for C its value, we get 


x’ x’ a’ 
y= —-—+4+4+—=-— +4, 
2a 4a 4a 


a relation which manifestly satisfies the proposed equation ; 
for it gives d,y = — or and these values of y and d,y, being 
a 


substituted in the proposed equation, make it identical. But 
this solution contains no arbitrary constant, and yet being the 
equation to a parabola it cannot, either by making C =0, 
or any other constant quantity, arise from the complete in- 
tegral which is the equation to a straight line; it is conse- 
quently a singular solution, and arises from the complete 
integral by changing C into a function of # so determined as 
to make the term involving d,C disappear from the value 
of d,y. 


Thus we see how the singular solution arises from the 
complete integral; next, let us consider its geometrical signi- 
fication. ‘The proposed differential equation expresses that 
the curves to which it belongs have the property, that the 
tangent at any point is intersected by a perpendicular upon 
it from a given point in a given straight line. 


Take the given point S (fig. 4.) for the origin, and T'S, 
AS respectively parallel and perpendicular to the given line AC, 
for the axes of # and y. Let 7'C be the tangent at a point 
whose co-ordinates are # and y, then its equation is 


Y-y=d y(X -2), 
and the equation to the perpendicular upon it from S' is 


Yd y= — X, 
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and for their point of intersection 
je. al rd (d.y)°} —y=-«d,y, 
but this point is always in AC for which Y =a; 
 y-wd,y=a+a(d,y)’, 
the same as the proposed equation. 


The complete integral y= Ca +a(1+C*), which repre- 
sents a series of straight lines, evidently satisfies the problem 
for all values of C; for let 7T’¢ be any one of these lines, 


then y= -= is the equation to a line through S' perpen- 


dicular to it; and combining the equations to get the co- 


ordinates of their point of intersection, we have 
y=—-Cy+a(l+C’), or y=a; 


the intersection consequently falls in AC. And as a straight 
line is its own tangent at every point, the equation 


y= Cv+a(1+C”"), for all values of C 


represents a line such that the intersection of the tangent 
at any point, and a perpendicular upon it from S, falls in 
the given line AC. Now the curve which is generated by 
the perpetual intersections of these lines will also satisfy the 
problem; for each of the lines will be a tangent to it, and 
therefore perpendiculars from §’ upon its tangents will inter- 
sect them in the various points of AC. To get the equation 
to this curve we must, according to the usual method, dif- 
ferentiate with respect to the parameter C, which gives 
0 = «+ 2Ca, and eliminate C between this, and the equation 
y= Cx+a(1+C’), which gives 
ao” . 
Viens tie or 4a(a@—y) = 2’, 
the equation to a parabola, vertex A, focus S$, of which 
curve it is a well known property, that the perpendicular 
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from the focus intersects the tangent at any point, in the 
tangent at the vertex. 


_ This result being obtained by exactly the same process 
‘as the singular solution was obtained, of course coincides with 
it; hence it appears that the singular solution belongs to 
the curve which touches the family of curves resulting from 
the complete integral by making the arbitrary constant assume 
all possible values. The conclusions arrived at in this par- 
ticular instance, we shall now shew to hold generally. 


39. Having given the complete integral of a differential 
equation, to find its singular solution. 


Let f(«, y, d-y) =0 be a proposed differential equation, 
and suppose it to result from the elimination of the arbitrary 
constant c, between the equation F(z, y,c) =0, and its 
immediately derived equation M+ Nd,y=0. Now change 
c into c’, any function of w and y, then our equation becomes 
F(a, y, c) =0; and its immediately derived equation 


M’ + N'd,y + C'd,c’ =0 (1), 


ce entering into M’ and N’ just as c did into M and N, 
and d,c’ of course denoting aac is diye .d,y; now C’ is the 
differential coefficient of F(a, y, c’) with respect to c’, regard- 
ing # and y as constant, and will therefore usually involve 
w, y, and c’; and if put equal to zero, will give such a 
value for c’ as makes the last term of equation (1) disappear ; 
and then the elimination of c’ must evidently produce the 
proposed equation f(x, y, d,y)=0. Let this value of c’ be 
substituted in F(a, y, c’) =0; then this equation is changed 
into @(a, y) = 0, and furnishes a relation between # and y 
which satisfies the equation f(a, y, d,y) = 0, but contains no 
arbitrary constant, and is not deducible from the complete 
integral by giving a particular value to the constant; since 
it results from the complete integral by substituting for e 
a variable value deduced from the equation d, F (a, y, c) = 0. 
Consequently, the relation } (wv, y) = 0 is the singular solution 
required. 


ADS 


40. ‘To explain the geometrical signification of the: sin- 
gular solution of a differential equation. 


Let F(a, y, c) =0 (1) be the complete integral of a dif- 
ferential equation between two variables; if we differentiate 
it with regard to c, we have d,F (a, y, c)=0 (2); and if 
between these equations we eliminate c, we get p(a, y) =0 (3), 
where c does not appear, and which is a singular solution of the 
differential equation, of which (1) is the complete primitive. 
Suppose equation (1) to be the equation to a system of curves, 
in which the position and dimensions of any particular curve 
is defined by a particular value of the parameter c; also let 
equation (3) be the equation to a curve referred to the same 
co-ordinate axes. Now equations (1) and (2), when e¢ receives 
a certain value, are satisfied by the same values of w and y. 
Hence from the manner of its formation, equation (3) is satis- 
fied by the same values; or the curves which are represented 
by (3) and (1), with a particular value of c,,have a common 
point. But equations (3) and (1), being each a solution of 
the same differential equation, furnish the same value of d,y 
for the same values of w and y; consequently the curves 
touch one another at their common point. ‘The same thing 
happens for every one of the system of curves which equation 
(1) represents. Therefore the curve represented by the sin- 
gular solution touches in a point every curve represented by 
the complete primitive. This is the geomé¢ffcal interpret- 
ation of the singular solution of a differential equation of: the 
first order. 


41. Having given a solution of a differential equation, to 
find whether it is included in the complete integral or not. 


Let d,y =f (a, y) be the proposed differential equation, 
and y = F'(#, c) its complete integral, ¢ being the arbitrary 
constant; and when c=’, let this become y= wu, w contain- 
ing no arbitrary constant; then y =z is a particular integral 
of the proposed. 


Hence, since F' (a, c) — «u becomes zero when c=c, we 
have 
F (#@, c) -u=(c— ¢)".2 =az, suppose, 
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z being a function of # and c, which is neither infinite nor 
zero, when c=c’,, or when a=0; and m expressing the highest 
power of ¢ —c’ which enters into every term of F(a, c) — wu. 
Consequently the complete integral becomes 


y=U+ az, 


which being substituted in the proposed equation, 


d,y = f(a, Y)s 
gives d,w+ad,2 =f(a#, u+az) (1). 


Now since x is neither infinite nor zero when a=0, we 
may expand it in a series of ascending powers of a, in the 
form 

e=K+ Aat+ Ba® + &e., 


a, (3, &c. being increasing and positive, and K, A, B, &e. 


functions of @; 
d,u+ad,%=d,u+d,Ka+4+d,Aa**' + &e. 


Again, the development of f(a, w+az) will be of the 
form 


f(a, u+az) =f (a, uw) + M (az)” + N (az) + &e., 


m, 7, &c. being increasing and positive. Hence, by substi- 
tution in equation (1), observing that d,w=f(«, u), we get 


d,K .a+d,A .a%*! + &e. 
= Ma" (K + Aat+ &c.)" + Na" (K + Aa* + &c.)" + &e. 


Now unless this equation is identical, y = wv cannot result 
from y =f (a, c) by changing ¢ into ec’; and... y =~ cannot 
be a particular integral of the proposed; and if it satisfies 
the proposed, it must be a singular solution. Now the indices 
m, n, &c., are known, for they result from writing w+az 
for y in f(a, y), and expanding according to power of az; 
and we must endeavour to determine a, /3, &c. so that the 
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two members of the equation may be identical. If m be >1, 
this can easily be effected; for we must have d,K = 0, or 
K = a constant; a+l=m, and d,4=MK"; and so on 
for the other terms. Consequently it will be possible to make 
the two members identical, and y = w will be a.particular in- 
tegral. In the same way the identity may be established if 
m=1. But if m<1, there is no term on the first side cor- 
responding to MK”a”"; and since K cannot be equal to zero, 
it is impossible to satisfy the identity ; and therefore y = w is a 
singular solution. Hence to discover whether a given solution, 
y=u, of a differential equation d,y=f(#, y), is a singular 
solution or not; we must write «+h for y in the value of 
d,y, and if the expansion in ascending powers of h involve 
a power of h, whose index is <1, the solution in question is 
a singular solution. 


42. To deduce the singular solutions from the differential 
equation, without knowing its complete primitive. 


Let y=u be a singular solution of the equation 
d,y =f (# y); 
then by the preceding article, substituting «+h for y, we 
f(a,uth)=f(a, u)+ Mh" + Nh’ + &e. 
where m, n, &c. are proper fractions ; 
d, f(a, u+h)=d,f(a,u+h)=mMh""'+nNh""'4 &e.; 
consequently, when h=0, d,f(#, u) = @. 


But d, f(a, u) is what d,f(#, y) becomes when y = uw; 
and therefore, conversely, every value, wu of y, which satisfies 
d,y = f(a, y), and makes d, f(x, y) = ©, is a singular solu- 
tion of the equation d,y=f(«, y). 


43. It is not essential to give the equation the explicit 
form d,y=f(«,y). For let d.,y=p, and let V=0 be the 
given relation between a, y and p; then we may regard p 
as a function of w and y determined by the equation V=0; 
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dy V+da,Vd,p=0, or dyp=— a 


(Pp) 

Hence the condition d,f(«, y)=e% is equivalent to 
d.,.V=0, provided d.,.V remains finite; and therefore the 
singular solutions of the equation V= F(a, y, p)=0, are 
determined by eliminating p between V=0 and d,,.V=0, 
provided always that these solutions do not ‘make dV =0. 
It is evident that if we consider y as the independent vari- 


able, and put the equation under the form 
V= F(a, y, d,v) = 0, 


the same reasonings would shew that singular solutions may 
be obtained by eliminating p’=d,xv, between V=0 and 
dV = 0. 


Ex. 1. To find the singular solution of 


y-ady+o-—) =a 


Here d,.V=—2a hagas bs P= ee and the proposed 
becomes 
(v+y—a)p=ytap, or (w+y—a)p=2y, 
or (w+y-—a)’=42y, 


which may be reduced to the form nie D+ Wa y = WA a. 


Ex. 2. To find the singular solution of 


(y — xd,y) (w ~ i) =a, 4Axvy =a’. 


& 


Ex. 3. To find the singular solution of 


(y — vd,y)’ + (« RE eget, yi=ai, ° 


De 


ae eee ee a ss 
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These three examples determine respectively the curves 
which have the properties that O7T'+ OT" is constant, that 
area of triangle J'O7" is constant, and that 7'7” is constant, 
TT” being the tangent at any point meeting the axes Ox, Oy 
m2 andi.” (tig. °5.) 


Ex. 4. y+ ja—tan-'(d,y)} d,y- 1 =0. 


‘ P ; 
Here dV = — tan PITT Era 
v= tan™ ie Ce 
] ba: 
= —— C= re: —_— 
pay vara w = cos /y + V/Y — 9, 


which represents a cycloid whose base coincides with the axis 
of x, the origin being in the centre of the base. ‘This is 
the solution of the problem to find a curve always touched 
by the same diameter of a circle rolling along a straight 
line. 

& 


Ex. oe dey = TRL 


dp = ta: a 1) : 
“ (Vet 9-0 - yy Jai tye 
*. the relation 2?+y?—a?=0 makes d,p infinite, and satisfies 


the proposed equation; it is consequently a singular solution 


of the proposed. 


Ex. 6. To find whether or not #?+y’—a@’?=0 is a sin- 


gular solution of d,y= CLES, The « solution 


/ e+ y? —@—y 
gives y= J a’ — x’, therefore substituting VA a’ — xv’ +h for 
y in the value of d,y, we get 


a _ ne / 2h 
GT: STN pe a (a? —2°)4 


when developed according to powers of h; and as the index 
of h is a proper fraction, 2? + y® —a?=0 is a singular solution, 


— BCE 


50 


44. Every factor proper to make a proposed differential 
equation integrable, is made infinite by the singular solution. 


Let d,y + f(«, y) =0 be the proposed equation, F'(#, y)=¢ 
its complete integral, and x the factor which makes it in- 
tegrable, so that 


x fd.y+ f(a, y)t=d,.F (a, y); 


also, let y=w be the singular solution; then this is not 
deducible from the complete integral, and therefore if wu be 
written for y in F(a, y), the result will not be constant; if 
therefore we substitute w for y, in the preceding equation, 
since the second member will have a finite value, and the 
factor d,y + f(x, y) of the first member will be zero, the 
value of x corresponding to this substitution must be in- 
finite. 


This property will sometimes lead to the discovery of the 
factor which makes an equation integrable; as in the example 


(7-2 )d,yt+uy=avVrr+y-a, 


a singular solution of which is 2 + y?—a*?=0; if we try a 
factor of the form 


(a? — Bp (y? + a - a’)’, 


we arrive at m= —1, n=—4; and the factor which makes 
the proposed integrable is 


(a ad a’)! (a: a y big arya. 


SECTION IV. 


DIFFERENTIAL EQUATIONS OF THE SECOND ORDER, AND OF 
HIGHER ORDERS. 


45. Every differential equation of the m™ order admits 
of a primitive with arbitrary constants. 


Let f(a, y, ¢), C25 --. C,) = 0 be an equation between the 
variables w and y, containing ” constants ¢c,, ¢2,...¢,- Let. 
the first derived equations be 


fi (a, Ys d,Y; Cis wee Ca) =U, 


te (a, Y, d,Y, d*y, Oper es) an). 


eeeveenereeceree ees oes eee 22 822288 


a (a, Ys d,Y; da? y, wate d’ y, Oye cas C,) = Q. 


Between these 2 equations and the original, the m con- 
stants may be eliminated, and the result will be 


F(a, y, dy, diy, ... dry) = 0, (1) 
a differential equation in which none of the constants enter. 


Conversely, a differential equation of the n™ order being 
proposed, it must admit of a primitive containing 7 arbitrary 
constants, because this number of constants, and no more, can 
be eliminated in its formation. Hence every differential equa- 
tion of the n“" order admits of a primitive containing arbitrary 
constants. 


46. Again, between the original equation and its first 
m —1 derived equations, n —1 of the constants may be eli- 
minated, and a differential equation of the (x — 1)" order with 
one constant will result. 


Uivive eSth¥ OF ILLINOIS 


URBANA 
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Every such differential equation, having the same pri- 
mitive with equation (1), is a first integral of that equation ; 
hence a differential equation of the m order has m first in- 
tegrals, each a differential equation of the (m —1)™ order, 
and containing one constant. 


Also, between the original equation and the first (7) of its 
derived equations, (7) of the constants may be eliminated, and 
a differential equation of the r order containing » —7 con- 
stants, will result, which is an integral of equation (1). Now 
(7) constants can be eliminated in a number of ways equal to 
the number of combinations of » things taken r together, or 


n(n —1)...(n—-—7 +1) 
Li Bi> Biovet 


This then is the number of integrals of equation (1) of 
the (z—71)™ order, each a differential equation of the r™ 
order, and containing » —7 constants. 


47. Of the general equation of the second order 
F(d.y, dy, y, &) =0, 


we shall first of all consider the following particular cases, in 
which d?y is involved with only one, or two, of the other 
quantities v, y, d,y; and which admit of integration, or rather 
of reduction to forms of the first order. 


I. F (dy, x)=0. Let this by resolution, give 
dy=f(), -. dey=Lf(a)+C; 


and integrating again, and adding another constant, we obtain 
the complete integral. The same process applies to d’y = f (a). 
Also, if we have F'(di*’y, diy) =0, and put d’y=u, we 
get F'(d,u, uw) =0; and if this can be integrated, and gives 
u= f(x), it is reduced to the case just noticed. 


Ex. ad? y = a, ole d <7 ps dyi= nim + Ca 


1 
y=alog- + Cat Cr 
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Il. F(dy, d,y)=0. Let this by resolution, give 
d:y=f(d.y), or d,p = f(p), putting dey = p; 


1 1 
0.0 =——— t= see A 
ein). lF@' 
PR eed. deo ys) | ee 
ES OATES : SF@ 


p must be eliminated between these two equations. 


Ex. ad,y oe d,y ; oe d,p =* ; i log p ¥ 4 +C, 


and dy = dy .d,w = p.— = 43 “ ysapt+C 
p 


Ill. F(dy, y)=0. Let this give d-y = f(y); 


- 2d,y@y =2f(y)d,y, and (d,y=C+2f f(y); 


-, dy=VC+2,f()> and 0 [aa 


Also F'(d*+?y, d-y) =0, putting d*y = u, becomes 
F(d-u, u) =0; 


and this, treated as above, gives a = @ (wz); and if # = d (w) 
can be solved with respect to wu, it is brought under Case I. 


Ex.1. ady+y=0;  «. 2a°d,yd-y + 2yd,y = 0; 
ad,y 


 @d,y~+y=C; =e 


eer 
* asing)—s=-a4+ C". 


aC 
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Ex: 22. 4/-ay dey =i. 


v 


== (y+ OF -20V y+ C4 C" 


S 


DN. (dy idan) — 0. 


~ This becomes of the first order in p and 2, by putting 
p for d,y and d,p for dy; let its integral be @ (a, p, C) = 0. 


If this by resolution give p or d,y =f («), then y= {,f(2); 
among other cases, this will happen when the proposed is 
of the form d?y + Pd,y = Q; for it can be solved as a linear 
equation of the first order. 


If it gives ev =f(p), then 


y=f,p=xp — fvd,p =ap— ff (p); 


and p must be eliminated between these equations. 
1 
Ex.1. @y+-d,y=0; «. «d-y+d,y=d, (ad,y)=0; 
2 


ady=C; -. y=Cloga+C. 


Ex. 2. (1+4°)diy+1+ (d,y)?=0; 


Sead Ve ~=0;.. tany\p+ tan7’ 2 = tan-'¢; 
1l+p? 142 ; P ; 


aac 


y= log (1 Fa) eG 
c 


C 


d,p 1 


Ex. 3. L+G.y 3 ea oe 
CQ+p yi f(a) 


d:. y =f (x) ; 
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= Y, suppose ; 


+ p° Gy 


dbs ahi and fea acl 
OES Me IRIE 


This is the solution of the inverse problem of the radius 
of curvature, in which it is required to find the curve whose 
radius of curvature is any given function of the abscissa. 


Ex. 4. diy + (e*-1)d,y=e", y=e? + Ce“ + C. 


V. F(dy, dy, y) =0. 


Putting d,y =p, we get d,y=d,p.d,y=pd,p; and the 
substitution of pd,p for dy, and “of p for d,y, will make 
the proposed of the first order in p and y; let its integral be 


d (ps y, C) =0. 


If this by resolution give p=d,y=f(y), then 


1 

“LF 

If it gives y=f(p), then 
Yeoh fy Mirgmtf Je (p) 
w= [-=- = : 
and p must be eliminated between these equations. 
Ex. 1. yd,y+(d,y)’ =9, 
Dmdg(ydyy=05 ©. ydy=C; 3. gf =2Ce+C. 
Ex. 2. yd?y+n(d,y)? +n =0. 
ypd,p+nup +n =0; 


J log (1 + p*) + mlogy = 4 log C; 
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GQ+p)y"=C; 
Vamsi par i y" 
= "@: an] d = ————$<_—-.. 
‘i “paet aenT NRC | Jose | 


This is the solution of the problem in which it is required 
to find a curve whose radius of curvature shall vary as its 
normal; for this condition gives 


— n(lt+ 3 
yJiepa "Se, or yd,p + (+) (1+ p*) =0, 


a e e 
— or + according as the curve is convex or concave to the 
axis of v1. Ifm=1 the curve is a circle, if m = 2 a cycloid, 
if m =—1 a common catenary. 


Ex. 3. 14+ (d,y)* —2yd2y = 3ay $1 + (d,y)*}?. 
ay + C 
Vy — (ay + C) 


this gives dav = 


Ex. 4. yd? y++/1+(d,y)?=0, gives d= ; 
VM (Cy+1)-y" 
VI. F(dy, y, 2) =0. 


As there is no substitution by which this can be generally 
reduced to an equation of the first order between two variables, 
the artifice to be employed in any case will depend upon the 
nature of the example proposed. Among other substitutions 
for d°y, the two following may be noticed, 


ad2y =d, (2%, ; 2) », and «diy =di (xy) — 2d,y. 


TX ey ae 


7 2y 
d’ (wy) — 2d,y = 


aot 9 
x 


‘ es 
or d’(#y) = aos (vy) ; 
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. dy(ay) = Ca’; 


(Ohi (AO 
y= +. 
3 & 


Ex. 2. (a + y")?d2y + a’y = 0, 


y a” wey 
or d,{«d,~ Be Eb a) 
(2 5) " @+ yy 


2 7: 
(aa, %) ———— 5 let eee 
@ y x 
ol 
@ 
2 
v’d,% = C+ — at 


1 fe J/1 + 
or _—_-—-— = ee 
o Jifat+ CU +2) 


Ex. 3. djy=ax + by; 
or d> (ax + by) =b(ax + by), 
which becomes d?x =bz, putting av +by =x, and so falls 
under Case III. 
- 48. When the equation 
F(a, y, dy, d,y)=0, or F(#, y, p, dp) = 0, 


is homogeneous, reckoning the dimensions of p and d,p to 
be 0 and —1 respectively ; it may be reduced to an equation 
of the first order by putting 

y=xsx, and d,p ate 


v 
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For each term, if 7 denote its dimensions, will consist of 
some function of p multiplied by a factor of the form 


8) ewan 


m and » being any numbers from 0 to ©; therefore upon 
making the substitutions stated above, every term will be 
divisible by «’, and the equation will assume the form 


F'(p, q %) = 03 
and if this can be solved relative to g, we shall have 


d,p 
d.& 


q=(x, p); but g=ad,p=(p-—- %) ——= (p- 3) dp; 


“ P(% p) + (8 - p) dp =0; 
let this give 


p=wW(s), then v(x) =s + ad,2, 
which will give the required integral 


= f (2). 


s= 


8 Ite 


Ex. §1+ (d,y)}?=diyVa'+y’; 


q 


putting dy=p, y=az, d,p= me we find 
n(1+p)i=qV/1 + %; 


pe m(1+ py? 


nf Ta atic Wiribonere 


which is the same as Ex. 5. Art. 18 
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Linear Equations of the Second and Higher Orders. 


49. The linear equation of the m order is, 
Dy + pide" y + pods-°y + 20. + Pn dey + Pry = X, 


all the coefficients being functions of x, and each term of the 
first member involving either y, or one of its differential .co- 
efficients, in the first power. The first step towards the 
integration of this equation is the establishment of the following 
theorem. 


If there be m particular values 7%, w., U3... %,» functions 
of x, which, when substituted for y, satisfy the equation 


dey + Pid ly + Pod, "Y + oo + Pr = 0; 
its complete integral is 
Y = Uy + Agen + AzUz + vee + AnUns 
@, Mz, ... a, being arbitrary constants. 
For let this value of y be substituted in the expression 


dy + pd 'y + 20. + DnYs 
and it becomes 


A” (A, Uy + AyUy + v0e + Ay Uy) 
+21 (Gy, +g Ugt v0. +Ay Un) Foo + Py (G1 Uy +My Uy + 202 +OnUn)s 
or, collecting the terms multiplied by the factors a), a2, ... a5 
a, 3 diu, + pd, + 22. + Prt} 
mn th 
+ Gy} Ue + Pydy-'Ug + 0. + Pallet + +. 


+ A, 4A Uy + Pde "ty + ve PnUind 3 
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’ Now, since w,, U2, ... %, satisfy the equation, each of the 
quantities within brackets is equal to zero, and therefore the 
whole is identically zero; and therefore the assumed value of 
y satisfies the equation; and it contains ” arbitrary constants, 
consequently it is the complete integral of the equation. 


Thus the equation d?y — n’y = 0 is satisfied by y = e”’, 
and since it is not altered by changing the sign of m, it is 
also satisfied by y=e-"";— *. y= a,e™ + a,e~-™ is the com- 
plete integral. 


Linear Equations with constant Coefficients. 


50. To integrate the equation 
dpy + pide 'y + pode "Y + .0. + DPrY = Us 


all the coefficients and w being constant. 


First write y + — instead of y, and the equation becomes 


“ 


dey + pid, "y +... + Pry = 0. 


Let y=e™, .. €"*(m"+p,m""'+... + p,) is the value 
of the first member; now this will vanish if m be any root 
of the equation 

m" + pm" + pom"? +... + p,=0, or M= f(m) =0, 


which is called the auxiliary equation of the proposed linear 
equation. 


Hence the m real or imaginary roots of this equation, 
M5 Mz, M3... M,, provided they be all unequal, will give 
different particular values of y, e™7, e"2”, ... e”**, which satisfy 
the proposed equation ; and therefore its complete integral is 


y=aye™” + ace” + ... + ae". 


51. But if any of the roots are equal to one another, 
as, for instance, m,= m., the value of y becomes 


y = (a + a.) 6” + ase"? + ... a,e"", 
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which contains only 2 —1 arbitrary constants (because a, + a, 
can be reckoned only as a single constant), and therefore 
cannot be the complete integral of the proposed equation. 
In this case, in order to discover the complete integral, first 
suppose the two roots m,, m,, to be only'very nearly equal 
to one another, so that m, =m, +h, where h is a very small 
known quantity; then the part of the value of y correspond- 
ing to these roots is 


mya Mo? __ me he mx hav hia’ 
a,e"" + a,e"2" =e" (a, +a,e"")=e™ (@)+4,+0,— +427 Z 


é 2 
xv 
= em? (C, + Coa” + coh = + &c.), 


replacing the constants a,+d@ 2, and a,h, by c,, %, respectively. 
Now let h=0, then this becomes e””(c,;+¢,”); and the 
complete integral consequently is 


y = (c, + cox) e™” + 0367387 +... + C,E"™- 


52. Generally, if we suppose r roots of the auxiliary 
equation to be nearly equal to one another, and therefore 
to be represented by 


m,+h,, m,+ho,.-.m,+h,, where h,, hz, »-. h, 


are very small quantities, the complete integral takes the 
form 


yen" Jaen” + anes” +... +a,6"} + ayy, e"" + &e., 


or, expanding e%”, e", &c., 
y =e" SS (a) + U(ah).v+ 


1 Sipe _, , =(ah") 
ee K 


+ ys rH” + eee 


a“ + eet, 
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=i (akeoe 
or, replacing the constants =(a), =(ah), ... Sai ) 


Cis Co eee Cys 


y =e" (c,+¢e,7 +... + ¢,v"~' + terms involving h,, h,, &c.) 


Nowslet (= Qs, 5.2 bn which case the auxiliary 
equation has 7 roots each = m,; then the solution becomes 


y = e"1” (C, + Cod + Cyd? + vas C, 0" ') + 0,4, E71" + ... + 0,67", 
which contains » arbitrary constants, and is consequently the 


complete integral. 


53. Of the correctness of the above modification for the 
case of equal roots, we may assure ourselves by the following 
reverse process. Let y=e"*w, then since 


n(n—-1 | 
d, (uv) =dzv.u+nd.'v.d,u + eee du + &e. 


n(n —1) 


dz (eu) =e" Sm".u+nm-'.d,uw+ m"-*diu + &c.t 


=e" (m +d,)"U, 


separating the symbol of operation from that of quantity. 


Hence the first member of the equation becomes 


¢ 


e™*(m+d,)"u+p,e""(m+d,)"'u+p,e""(m+d,)"~*u+ &e.+p,e""Us 


=e" f(m+d,)u 


=e {f(m)u+ —f\(m) deus +f" (m) diate Ee f(m) drut. 


Now let m=m,, then since f(m) =0 has r roots equal to 
m,, each of the quantities f(m), f’ (m), ...f"~"(m) becomes 
equal to zero, and the first 7 terms vanish; and if 


U =A, + Go@ + A," +.... + a, 0", 


: 
4 
¥ 
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then d’u, di+'u,... dw likewise become zero, and all the 
remaining terms vanish. Hence for each group of 7 equal 
roots in the auxiliary equation, there will be in the value of 
y aterm of the form 


e™” (a, + 0,0 + A,0° +... + a, 0" "). 
54. Let h Se eRe be a pair of imaginary roots in 


the auxiliary equation, then the corresponding terms in the 
value of y will be 


= fae . 
Celttkr/=1 i Cl ehe + kx /=1, 


or €” $C (coska + rf —1sinkax) + C’ (coskw —»/—1sin ka) 


=e" 5c, coska+c,sinkx}, (changing the arbitrary constants); 
cos ke + 


C2 
0 ee TERE Vc+e 


= Be” cos (ka +a), 


sin kal 


again changing the constants by putting 
2 2 d t ae Ce 
/ce+ci= 6B, and — ana =~. 
1 


And if there should be 7 pairs of imaginary roots in the 
auxiliary equation, equal to h + ker/ —1, the corresponding. 
part of the value of y will be 


e” (a, + Av +... a,x") (coskx + / — 1 sin ke) 
+e" (b, +b,a +... b,a"-') (coske — / —1sinka), 
or, changing the arbitrary constants, 


e'" (a, + a.v +... av") coske 


+e" (B, + Bow +... B,x"~") sin ka. 


linear equations with constant coefficients. 
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55. We shall now give some examples of integrating 


Ex. 1. diy+d,y —2y=0. 
Let y =e", 9. m*e"* +. me™*.— 2e"* = 0, 
or m’+m—-2=0; “. m=1, or —2; 
yi Cre ese ya 
Ex, 2. atdiyadiy, 9 = Cet Ge #+.C,w 4+ On 
Ex. 3. djy+n’y =0. 


Let y=e"™;  .. m?+n°=0, or m=+nvV/-1; 


C,ertva it Cre—ntv=l 
C, (cosna +f —1 sinna) 
+ C,(cosna — / —1 sin Nx) 


= (C, + C,) cosna + (C, — C,) VY —-1 sinne 


4 


= 2, COSN& + a, sinnwx, (changing the constants) 
= 2 (cosna@ cosa — sinnw sina) = 8 cos (na + a). 
This equation, d?y + n*y = 0, of which the solution is 


y =a, cosne®+a,sinnx, or y= cos(nax +a), 


is of very frequent occurrence. Hence also the solution of 


Ex. 4 @y+n*y+axv+b=0, or 


: ax Ob ’ av Ob 
d;, Uo pati) ttto\9 siieeiggaes js > 1 
az b | 
y + 2 + =, = B cos (ma + a). | 
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Ex. 5. diy —-2md,y + (m*? +n’)y = 0; 
y="; « BP -2hm+m+n2=0; «. kKamtnae/-1; 
. y=e"" (C cosna + C’ sinna). 
Ex. 6. d-y+2md,y + n’y =0; 
y= e-"* 3 cos(a»/n* —m? +a), (n>). 
Ex. 7. diy —2d.y+2d?y —-2d,y+y=0; 
the equation for determining m is 
(m* + 1) (m —- 1) = 0; 
y = e” (a, + ax) + B cos(# + a). 
Ex. 8. diy+2n?diy+nty=0; 
y= (a+ a,x) cosna# + (b+ 5,2) sinne. 
Ex. 9. diy + 4md2y + 2(n? + 3m’) diy 
+ 4m (m? +n’) d,y + (m’ + n*)’ y = 0; 
the equation for determining &, when y = e*, is 
S(k +m)? + n7}? = 0; 
“ y =e" (a + 4,2) cosne + e-"* (b + b,x) sinne. 
 Ex.10. dty —4d3y + 6diy - 4d,y + y = 0; 
y=@(A+ Ba + Cx’ + Dor’). 


56. To integrate the linear equation of the m order 
with variable coefficients, 


d'y +p,d. ‘y+ pod, “y ... + pry =X. 
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Let w,, %, ... %, be the ” particular values of « which 
satisfy the equation — 


du t+ pd. ut pod. *u+ ... + p,u=0, (1) 


4 
J 


which coincides with the proposed if we suppose its second 
member to become zero; then, as already proved, 


U = CU, + CU, + eee + Cy, Un» 


If we now divide both sides by wu, and differentiate, we 
shall eliminate c,; next dividing both sides by the coefficient 
of c,, which suppose v,, and differentiating, we shall eliminate 
c,; again dividing by v,, the coefficient of c,, and differen- 
tiating, we shall eliminate c,;; and proceeding in this manner 
till all the constants are eliminated, our final result will be 
of the form (where each d, affects the whole of the expression 


after it) 


1 
d, sop! 


1 
f Le DEY 
VUn-1 Vn-2 Vv; 


d, 


d, = 0, 


u 
U, 
1 
: 
Vets eee U1, Uy, 
therefore dividing by this, so as to make the coefficient of 


in which, the coefficient of d%w is evidently 


d'u unity, we get 
1 


1 
M21 VU, 29 eee v,u,d, 4 ih} 1 d, 
n—1 Un—e 


1 
eee d,— d, 
Vy 


which must be equivalent to the first-member of equation (1). 
Therefore the same expression, only with y instead of wu, 
must be equivalent to the first member of the proposed 
equation, and therefore equal to X. Hence equating these 
equals, and reversing the operations, we find the integral of 
the proposed equation, 
xX 
ete ia Ooleas letra | ee ee 
y 1 fe) foe ++ fr Wer ee 
(each symbol of integration affecting the whole of the ex- 
pression which follows it), which is a general formula for 


deducing the solution of a complete linear equation of the.. 


n" order, from the solution of the same equation when the 
term independent of y is supposed to become zero. 


Ce es 
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57. We shall now give some applications of this method. 


~Ex.1. dy +4d,y + 4y = aa. 


If we suppose uw to denote the value of y in this equation 
when a@=0, since the roots of the auxiliary equation are 
—2, —2, 


NC ihn (OPES M )  bat sl A OP 


in which expression the coefficient of d?w is e*’, therefore 
dividing by this coefficient, and changing w into y, we get 


COG be CoA Ve oo 


a” 
me y= ee [* (aare™) = 2 (= ay 2) +e7** (¢, + 2). 


Ex. 2. d?y —2md,y + (m?+n*)y=X. 


If we suppose w to be the value of y in this equation 
when Y =0, we have 


u = Cie" cosnx + Cre™ sin n& ; 
dividing by e” cos na, and differentiating, we find 
d,e-™* sec nw .u = Con sec? ne ; 
d, cos*nad,e-"* secnx#.u= 0, 


in which expression the coefficient of d7w is e~”* cos na, there- 
fore dividing by this coefficient and changing w into y, we 
get at 

e”* sec nad, cos’ nxvd,e—"* secna.y= X; 


y =e" cosnw f, sec’ na f,e~™* cosna X, 


or, if we suppose the constants to be added after each inte- 
gration, 


y=e""(C cosnwv+C' sin nv) +e" cosna f, sec’n wa [,e-"* cos na X. 
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Hence the solution of diy 4+ n*’y = X is 


y= Ccosnax + C’ sinna + cosne f, sec’ nx f,cosna X. 


Ex. 3. Let X = Acos(mw# +a) + Boos (na +B), 


then f, cosnaX 
A . e 
=— —, {msin (ma + a) cosma — m cos (ma + a) sinnas 
mM” — 
Bap: 
+ — {— sin (2na + w cos 3}; 
< (2nw + ) ah 


A cos(mz+a) 
fee ee ero rae m—-n® cosne 


=f sin(mv+ 9) _ sin B tan nal 


N COS NX 2n? 


cos (mx + a) 


. y=Ccosne+C sinna + 


n? — m2 


B 
ae sin (na + £3). 


Ex. 4. 
The roots of the auxiliary equation are 


gL 5 A/ 1s 


u = (a + a,x) e* + e* (bcos5a+csin 52); 


diy —10d3y + 62d’ y — 210d, y + 261y = e”. 


d? (e~-*u) = — e~* } (246 + 10c) cos 5a + (24¢4 100) sin 5a}; 
d, cos’ 5ad,e” sec 5ad’ (e-**u) = 0; 


e*” sec 5 d, cos’ 54 d,e” sec 5ad? (e~*y) = e’; 


ee 


_,— cossa@+ 5sin 5x 
Cos apaids ( )=e* a : 
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1 Ew sin 5a 
d,e* sec 5ud* (e~*y) = — (- + 5e-? ) 
z 2 (ey) 26 cos 5a& cos? 5a)’ 
pve: = 
e” sec 5ad? (e-*y) = — ———_-;; 
pcm’ 26 cos5a@ 


1 e” 
d? es” = e7 ea ° 
2 (ey) Shahn mode 


e* . 
YS Sa a (a + a,x) e* + e* (bcos 5a +c sin 52). 


Ex. 5. diy + p,d,y + podzy + psd.y + pry = X3 
where the coefficients are such that the auxiliary equation 
ks + pk? + pok* + pk + py = $(K + my? + n°}? = 0, 
has two pairs of imaginary roots. Then the solution of 
diu+p,d.u+p,d?u + pd,u + pu =0, is 
e"*u4 = (a + a'a) cosnax + (6 + b'2) sinna ; 


*, d,(secnawe"*u) = a' + b' tanna + n(b + bx) sec’na ; 


1 1 


a ° 
*. cos’nwxd, ( yes is (1 + cos2na) + 3 mn Q2nwx 
& 


+n(b +62); 


te Oe ) = —na' sin2nax + nb' (1 + cos2na) ; 
sec’ 2.” d, ( ) = -2na' tanne + 2nb'; 
*. d,sec’ nad, ( ) = — 2n’a' sec’ nv ; 


. d,cos’*nad, sec? nad, ( )=0; 


$ 
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and as the coefficient of diw is e"* cosa, dividing by this 
coefficient and changing w into y, we get 


e-™* secnud, cos*nxd, sec’nad,cos* nad, secnxe™ y =X ; 


MP p, —. 2 2 2 Me : ‘a 
e"*y=cosnax f,sec’nax f,cos’*na f,sec’nw f,cosnae™™ X3 


we 


or, if we suppose a constant to be added after each integration, 
we may add to this value of e”*y, the terms 


(a+ ax) cosnax + (6+ 2) sinne. ‘ 
Ex. 6. Suppose the linear equation to have constant 
coefficients, and let —a,, —a,,...—a, be the roots of its 


auxiliary equation, so that f 


m” + p,m"~) + pom"? + ...+ Pn = (m + a,) (m + ae)... (mM+a,), 


Sie ew 


then w = ¢,e~%" + c,e- 2" +c, e787 + 40,67 5 
d, (€%*U) = Cy (a, — ag) e(% ~ 42)2 
+ ¢3 (a; — a) eM - 4 46, (a,- diy) E(t An) 
d,e(%2—%)%d, (e%* uw) = C3 (G2 — As) (a, — az) E62 —)F 4 


+ €, (A, — A) (a, — a,) ee -%)#, 


eS mee 


d,e(%»— An—,) 2 d,e6%- — An—g) & ae d,e(% —a)a d, (e%* w) = O05 


therefore, dividing by e**, which is the coefficient of d’w, 
and replacing uw by y, we get 


Em ant J e(an— nag.) xh oe de (ta a) x qd (ey) = A 


a a ee es eS ee ee ee 


y= ene fi e(t—a%)@ f e(ta— a5) 2 le frelemr~aa)z fewr x, 


eS ee 


mI 


Method of Parameters. 


58. °There is also another mode of integrating linear 
equations, which deserves to be mentioned, called the method 
of Parameters, which we shall now explain. It may be stated 
thus. The complete integral of the linear equation of the 
n™ order will be of the form 

Y =V,U, + VUy + vee + U_Uns 
where U,, Us, ... U, are the m particular integrals of the 


equation when the term independent of y becomes zero, and 


V1» Voy --- V, are functions of w, determined by equations of 
the form 


v, = ff, (@) + C,- 
Let the proposed equation be 
dy + pd, y+ see + DY = A 
and suppose y = 0, U0, + UpUlg + -0- UzU, = UV (VU), 


and as we have made only one assumption respecting the 
independent quantities v,, v, .-. Un, we May make n—1 more; 


now d,y = =(vd,u) + = (ud,v) ; 
d,y = = (vd,u), 
putting for the first of our additional assumptions 
S(ud,v) =90, (1); 
similarly d?y==(vdiu), putting =(d,wd,v) =0, (2) 
&c. = &e. 


and d'y=S(vdiu) + X, putting =(dj"'ud,v) = X, (n). ( 
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Substitute these values for y, d,y, dy,... dy, in the 
proposed equation, and the first member becomes 


UV, (dp U, + Pde tt, + eet Pai) +02 (de ty+ pdr thot oo + Pute) 
+ &c. + 0, (dou, + pd Un toes + DnUn) + Xo 


which manifestly reduces itself to X, since each of the quan- 
tities within brackets is equal to zero; hence if the parameters 
V1 Vp) ---U, be determined subject to the above m equations 
of condition, the assumed value of y will satisfy the equation ; 
and since there are m equations in which the 2 quantities 
d,0,, ,V2, ... d,v, enter to the first degree, each of the 
parameters v,, v,, &c. will be determined by an equation of 
the form d,v,=f,(a#), and so n arbitrary constants will be 
‘introduced. 


Ex.1. diy+n’y = secna. 
The solution of d?y + n’y=0 is y=4,cosna@ + a,sinne. 
Let .. y=v,cosnax + v,sInn@; 
d,y = —U,n sin na + VN COS NA, 


making d,v, cosna# + d,v, sinnwx = 0. 


dy = —v,n* cosna — v,n* sin N& + sec NA, 
making — d,v,n sinnax + d,v,n COSnNx = sec NX; 
1 sin ne 1 
i ae > or v,=—, log cosne + C,. 
m COS Na n 
] wv 
d,v, = a! or Seen Crs 


1 & : 
~ Y= (- log cos na + C1) COSN& + (= + c;) sIn 2&. 


* 
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Ex. 2. diy +p,d.'y + podz “y+... + pry = X, 


where the coefficients are constant, and the auxiliary equation, 
M=0, has none of its roots —a,, — ds, ... —@,, equal to 
one another. 


Here Ce Cn too” Why = OST ee Un 6 aes 


and in order to determine the parameters v,, v,, &c. assume 


eee eesevercz eee ee 


dv, =c,e"" X, 


v 


then, by substitution, the m equations of condition become 
Sater. >{ac) = 0, > (ac) = 0, ... (ac) = 15 


and from these equations, we have to determine each of the 
constants ¢,, ¢:,...¢,, by eliminating the rest; for this pur- 
pose multiply them in the reverse order by the indeterminate 
coefficients 1, ,3 Yo. --» n-1;5 and take the sum; then 


n- 3 


Cc; (Ove ne qa. or G2, Tse is Gn-1) 
+ C2 (Gas + Gita. te G20, ng t+ Yn-y) 
eC. PO de eet qn) tle 


Now assume 45 Qos +++ Gn-1 So that the coefficients of 
€25 C3, --. Cc, may each equal zero; then a», a3, ... a, are 
the roots of the equation 


a1 4 g,a"—? + goa"? + woe + Qn-1 = 05 


therefore, replacing the coefficient of c, by the product of its 
simple factors, 


c, (a, - ay) (a, — Gs) we. (a, 7 Ay) = hoe OFC; ~ da, M’ 
m=a, 


1 : Sy‘ 1 
v,= eu*X ; similarly, v,=———— [,e"*X, &e.; 
: pak. M bn pa M 


10 a es 


——— 


eas ar 
Us Sa apie xt. 


This method evidently fails when M =0 has equal roots, 
since one or more of the quantities d,-4 M, Gnia,M, &e. 
in that case becomes zero. 


Hix. 3. d.y—y =e’. 
Here 
M =m‘ -1 =(m+1)(m-1) (m+ /-1) (m-V-1) =0; 


therefore the four values of f,e*.X are 


er et (1+ V=1) et (1—Vv=1) 
—-+cC 5 e+e 5 She ee eee Tae —= + (45 
Zenn t ‘ ye Vara helt iy ole 
rs bp 
and the four values of are 
Onaga 


An asks Aa A 4/1 Ae tae 


en* [ee ot e-@Nal pet (It N21) 
Y= —(F +0) 4 mai anaes Wwalwa +0s] 
et V-1 et (1—-Vv>1) 
var fs Veg a) 


e” x“ e” e 


= ROL i + ¢,6° +7 + ¢; cos # + ¢, sin w 
Se five : . 
= pra, Toit) F Ceeit es COs &.t-cuisin a. j 
Ex. 4. diy —Y=Cose; 


the four values of f,e"X are 
—w« 


e” : e 
 (cosa# + sina) +, zy (> cosa + sin) + ¢,, 


- 4 ¢ 
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3 (wv + sin ve" Nel) + C35 4 (x + sin ve-* V=1) + C4, 


—~— avr 


and the values of — are the same as in the preceding 


m=a 
example ; 


1 . Ci 1 : C 
=-—(cosxw + sine a Gada COS di. Silene 
y aE Mas A. al ) ae 


1 ae c 
— ——-— (we~*V-1 + sin #) — ——S== e-*N 
Aa 44/ —1 


2, C. i 
(we* V1 + sin w) + ——— etV=1 


AA7 = 1 


1 
Spares 
Bay nl 


cose wxvsine 


a +i(ce*— ce’) 
C4 aa wes C2 as 
a — (cos w+/—l sin Dye (COS AS al sin v) 
aN 1 Anat 
v sin & 


+ a,e" + a,e-" + dg COSL + a, SIN a. 


59. When the auxiliary equation contains equal roots, 
we may, by the following theorem, depress the proposed 
equation to one whose auxiliary equation shall contain only 
unequal roots, and then complete the solution by variation 
of parameters. 


If diy+p,d.-'y+ pd, y+... + piy=X, be a linear 
equation of the mn‘ order, with constant coefficients; and 
—a,, —a,, ...—a, the roots of its auxiliary equation, so 
that 


m+ pm"! + p,m" +... + p,=(m+a,) (m+ a,)...(m+ay) 5 


then’ if we multiply both sides of the proposed by e“, —a 
being any root, and integrate, the result will be a linear 
equation of the (7 — 1)" order with the same auxiliary equa- 
tion, except that it wants the factor m + a. 
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For let m"-! + q,m"-? + 20. +Q,-1=0 be this auxiliary 
equation. 


Now d,e“ (di~'y + q,d,-"y + «-- + Mn—-1Y) 
= et $diyt (q+) dy + (24+ 1a) dey tone + ri y$ 
=e (dry + pd, 'y + pod, "Yy + +2. + Pry) = CP Xy; 
ds yp Gide. Ot <-c4'Os an = Chase 6s = eee 
the auxiliary equation being m~!+ q,m"~? + ... + Qn-1 = 9; 


cleared of the factor m-+a; and if this factor should occur 
ry times, then repeating this process 7 times, we should get 


ad, y = dee maa +... + tn—r¥ 28 Pa Hy en X as 


whose auxiliary equation differs from M = 0, only in wanting 
the factor (m+ a)’. 


60. If we know a particular integral of a linear equation 
of any order that has no term independent of y, we may 


reduce it to another equation of the same kind, of the order 
immediately inferior. 


Let y=w be a particular integral of f(d,) y =0, 
or diy + pid, 'y + Pode" + + Pry =, (1) 


and assume y=u/f,z, x being a new variable, a function 
of x; then, separating the symbols of operation from those 
of quantity, we have 


My = (d.+dyufs, 
d, being understood to affect ~ only, and d;, to affect f, only. 


Hence, substituting for the differential coefficients in the 
proposed, by this formula, and again separating the symbols of | 
operation from those of quantity, we get successively 

(d, +d})"u fx + p, (d, + d))""'u fs + &e. + pu fz 
=f(d,+d')u fiz 
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= [,%. f(a, u+- ef (d,) u + re Cee 


4 sais fr te lnaie d*-\z 

n— 

But since w is a particular value of y, f(d,) u=0; hence, 
reversing the order of the terms, and observing that f™(d,) 
denotes the same function of d,, that di f(v) does of v, we 


get for the depressed equation, 
ud.—'s + (nd,u + p,u) d.-*s 
n(n—1 
pace» 


a d-u+(n—1)p,d, wpa et ...tf (d,)u.2=0. (2) 

Similarly, if we know another particular solution, w,, of 

equation (1), then d, (=) will be a value of x in equation (2), 
u 


and we may depress this equation to another of the same 
form of the (2 — 2)" order; and if we know r particular 
solutions of equation (1), we may in this way depress it to 
an equation of the same form of the (x — 7)" order. 


61. If y=wz be a particular integral of the equation 
dy 15 Pd,y to Qy = 0, 


-Sz 
the other particular integral will be y =u f 


UU? 


For if we denote the two values of y by wu and v, we 
have 


du+Pdu+Qu=0, div + Pd,v+ Qv 
ud?v —vd-u+ P(ud,v —vd,u) = 


ud,v —vd,u = Ce-se? 


I 
° 


| 
° 
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Change of Independent Variable. 


~ 62. Besides linear equations with constant coefficients, 
very few equations of the second and superior orders admit 
of being integrated; and those only by particular methods. 
Sometimes the integration of an equation may be facilitated 


by changing the independent variable. 


Ex. diy +a(d,y)’ + ba (dy) = 0. 


Make y the independent variable, and consequently for 
d,y, d®y, write 


1 dia 
dja” (d,x)>” 
d? x a bax 


eae SENATE eC ey 
(d,w)*  (dyx)” (dy x)" 


or a, @ —ad,x — bx =0, 


which is integrable. 


63. In the above example there is no difficulty in fixing 
upon the new independent variable. In other cases we must 
consider a and y as functions of a third variable ¢, and sub- 
stitute the values of d,y, d®y, &c. corresponding to that 
supposition. When the equation is thus generalized, we must 
assume for a or y some known function of ¢, according to the 
circumstances of the case, so that there may arise for deter- 
mining the function of ¢ which expresses y or a, a differential 
equation simpler than the proposed one; between the integral 
of which and the assumed function, if we eliminate ¢, we 
obtain the required relation between «# and y. 


Ex. 1. (1-a*)d-y-«d,y+n’y =0. 
The generalized equation is 


d,wd?y — dy dfx diy 
t ae = ys 
(d,v)° dio 


(1 - «*) 
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Let w=cost, then dw=-—sint, d?«=-— cost; 
therefore, by substitution, d?y + *y=0, which gives 
y=Acosnt +B sinnt; 


*. ¥ = A cos(ncos~'#) + B sin (m cos~' @). 


Ex. 2. @& —___— ig ———— y=0. 
os Bee et Gan I * (a4 bay 


The generalized equation is 


d,x dy — dy dpa P A dy +: e 
(d,x)° at+bed«w (a+bx)’ es 


Let dw=a+ ba, or bt=log (a+ bx), or; e'=a+hba; 
then dx = bd,a; 
therefore, by substitution, 
d?y + (A -—b)dy+ By=0; 
the solution of which is 
y=ce" + ce"! =c, (a+ bays + C, (a+ bot, 
m and m’ being the roots, supposed possible, of 
m’+(A—b)m+ B=0. 


If the roots be impossible, and of the form m inf —1, 
the solution is 


y = Be™ cos (nt + a) = B (a + ba)? cos jlog (a + ba)’ + a}. 
Ex. 3. (a+ba)d?y+A(a+ba)d2y+ B(a+bea) d,y+Cy 
= f(2). 
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As in the preceding Example, 
let a+ba=e", .. dw=e", 
dy =e" dy, 
dzy =e" (diy — bdyy) 
diy = e~* (di y— 3bd? y+ 2b'd,y) ; 
-. by substitution we get 


a 
d'y+(A — 3b) diy + (20° - Ab+B)dy + Cy =f (- ; *), 


a linear equation with constant coefficients. 
The same substitution of course succeeds for the equation, 
(a+bx)"diy+A(a+ba)""'d y+ &c.+K (a+ba)d,y+ Ly=f(a), 


which, by putting a+b2 =z, may first of all be reduced 
to the form, 


s"dry + a,3"" "diy + &e. + a,_,2d,y + a,y =f, (2) 


and then to a linear equation with constant coefficients, by 
the formula 


diy = dry — p,di'y + &e. = Py_1y, 
where s=e', and p,,-p,, &c. are such that the roots of 
ki? — p.k* + pk’ — &e. ... = p,_ jk =0, 


OPemOsml, 42,05 iss (92-91): 


2 


; aX 
Ex. 4. Tdey +MY HY = aa» 
is a, ai v—1 
=—4C,¢+-+- - — x) Io ( \. 
J HH a 24 = (= 8 e+ 


The substitution » =e' gives 


a 
YT YSO+taT 3 
pita | 
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t 
a a e-1 
 y=Cyen'+ Cie + — + - (et - e') log 
J : ; Q as ) log eb +1)’ 


which agrees with the above, upon writing a for et. 


Ex. 5. a’diy + ad,y —y = a2", 


C, an” 
=—+C,v + —— 
aes : n?—1° 


Solutions expressed by Definite Integrals. 


64. Sometimes the complete integral of a differential 
equation may be expressed by a definite integral, as in the 
following instances. 


Ex.1. d}"'y=ay +m. 


fF 
0 @ eae he A ° 
Let v, =a, i ent? e , qa, being a constant quantity ; 


t” 
0re cin ft 
then d*~'v, = a° Hi t—'entte nm = aj} (1+ #v,), 
t 


change a, into a,, a;, &c., and let v,, v3, &c. be the cor- 
responding values of »,, 


A ais = as él + BVs)s 


— n 
d2—'y, =a’ (1 + £,). 


Now suppose a,, a,,.-.a, to be the nm roots of unity ; 
then multiplying each of these equations by an arbitrary 
constant, and taking the sum, 


d;~' (cv, + C,V, + Ses + Crus) = Cy + Cy + a 
+ Cy + B (C01 + C,Vq + 20. + CnVy)s 


let c+ ¢,+...+¢, =m, 


11 
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then y= c,¥, + ¢,02+...+0¢,¥, is the complete integral, con- 
taining only m —1 arbitrary constants by reason of the equa- 
tion of condition; or it may be written 
Dies bot 
ie [ e~* Scet* + c,aet** + c,a%e™ t+... 4+ C10" 1e™, ty 
t 


a being a primitive root of k”—1=0. 


Let m=0, n = 3, then d?y = «xy, the solution of which is 


J 3ta 
2 


F sta 
Ye ie a mBe™ +4(B+ Av/3) cos 
t 


EN ee 
-4 (44 BV) sin V2 “I. 
Let m=0, n=2, then d,y=ay, and 
t —at ras. ~ 2 : fe, eal 
y= of e oe. +e°")= a= sh e* cosx#z, putting ¢ xa/ 1, 
e EM Gy Sas 
V-1 /-2 


which agrees with the result obtained by direct integration. 


= GA ates) (Integ. Cal. Art. 112). 


If the more general form were proposed, 
dy = (a + Ba) y, 
n—1 1 
assume a+Pr=B"t;  .. d,y=d,yd,t = Rdy, 
n—1 n—l 
and di y=B8* di y=3 ty; 
dy'y=ty; 


and to this form may the still more general case 
di. 'y =ary+bat+cy+e 


be reduced. (The above solution is taken from Crelle’s 


Journal, Vol. x.) 


Ex. 2. d?y+ (n* - 5) y = O*, 


xX” 


u 
Let y=— where m(m+1)=a, and suppose a to 
a 
be such that m is a whole number; then 


a (d-u+n?u)=2md,u. (1). 


Differentiate this 2, 4, &c. times successively, and add 
each result to the preceding multiplied by n’, in doing which 
the symbols of operation and quantity may be conveniently 
separated, then 


ad, (d? +n?) u + 2d, (d, +n?) u=2mdiu, 
and wn? (d* + n*) u = 2mn'd,u; 
aw (d* + n*)? u = 2md, (d. + n°) u — 2d, (d+ n*)u 
= 2(m — 1)d,(d,+n’*)u; 
similarly, a (d; +n”)? u =2(m — 2) d,(d, +n’) u, 


and repeating the process m times, the second member becomes 


zero, and 
(dra) OF 


Hence we have, for the determination of uw, a linear 
equation with constant coefficients, whose auxiliary equation is 


(k* a 3) Veli ves 0; 


~ W= (A+ AL + Ak + 2. + A, 8") COSNH 


+ (b+ be +.b.H? +... b,v”) sin na, 


* This equation, when a=6, presents itself in investigations relative to the 
figure of the Earth; the solution in the forms here noticed was given by Mr Gaskin 


(Cambridge Problems, 1839). 
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this gives the form of the solution; the arbitrary constants 
must be reduced to the proper number, in any case, by 
actual substitution; thus let m=2, so that a=6; then 


u=(a+a,v + a,0°) cosnx + (b+ b,x + b,a*) sinna, 


and substituting this value in (1) in order to reduce the con- 
stants, we find 


Nn” x 


ay =u =a \cosnx (1 -"*) +nw sinna} 


nN’ x” 


= —nx cosnat, 


+ 6 {sin nav (1 a: 
for the complete integral of 
6 
dy + (n*- 5) y=0 


But when in the equation m(m+1)=a, m is a frac- 
tion, 


make y=a™*'u, then a(d,2u + n?u)+2(m+1)d,u=0; 


the complete integral of which is 


u = [3-"f" (# — n*)” cos (at + a), 


a and £3 being the arbitrary constants; for this gives 
du = Kal? (2 — n?)" (—2) sin (wt + a) 
t 


Be HG (t? — n*)”*) cos (wt + a); 


eo (m +1) 
d;u=B 1 (¢? — n*)” (— #) cos (at + a) 


=P i — (# —n’*)" (# — n? + n’) cos (at + a); 
t 
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—n pn 9 
» @u+nu=—-f i (#—n’)"*'cos (vt + a) URAC rind BF 
t v 
Similarly, when m is an integer, it will appear by sub- 
stitution that 


is the complete integral of w (diu+n?u) =2md,u, the re- 
duced equation when m is an integer. 


Simultaneous Equations. 


65. In these equations, which sometimes occur in the 
higher parts of Dynamics, instead of one equation between 
x,y, and the differential coefficients of y with respect to a, 
being given to determine the relation between wv and y; we 
have two equations containing «, y, ¢ (of which w and y are 
considered as functions) and the differential coefficients of x 
and y relative to ¢, to find that relation. 


66. To integrate the simultaneous equations of the first 
order, 
ae+by+da=T, de+byidy=T, 


T and J” denoting functions of ¢. Multiplying the latter 
by an indeterminate quantity m, and adding it to the former, 
we get 


ax+by+m(au+ by) +d,(e+my)=T+mT’, 


F b+mb’ 
or d,(«+my)+(a+ma) (a + a5 y)=T+mT". 
b b! ; ears 
Let ‘AE tet =m, which will give two values of m, m, 
a+ma 


and m,; then the equation, under this condition, becomes a 
linear equation of the first order; and we obtain by inte- 
gration 

(w + my) elatma')t — h(i + mT") e(atma')t. 
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and by substituting successively the two values of m, we 
obtain two primitive equations, which will furnish values of 
w and y in terms of ¢, and the relation between # and y, 
if ¢ be eliminated. If the two values of m are equal, we 
shall obtain only one equation between &, y, and ¢; but if 
this can be solved with respect to 2 or y, and we substitute 
the value so found in one of the given equations, we shall 
obtain a second relation either between x and ¢, or between 
y and ¢; and then ¢ may be eliminated as before. 


Ex. 1. 5e-2y4+dae=e, 6y-a+dy=e"; 
(5 —m) «+ (-2+ 6m) y+ d;(@ + my) = e' + me”, 


—2+6m 3 
let Se Baie te or m?+m—2=0, or m=1, or —2; 
—m 


d(e+y)+4(e#+tysere*; 


et et 


LAA Neda ira: ELA 


t 
e ° é 2 o 
similarly #—2y= ay ye + Cie~™, 


which determine # and y in terms of ¢. 
Ex.2. dewt5barty=e’, adyt+3y-a=e'; 


d,(w + my) +(5—m) a+ (14 3m) y =e + me; 


1+ 3m 
Bee gant 1—-2m+m’ = (1-—m)’=0. 
—m 


Hence the values of m are each =1, and integrating, 


we find 


1 ig 
V+Yy= Cie" + Oe ee ah 
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By means of this, eliminate y from the first equation, and 
we get 


et 
ee Ces 
4 1 
t 2t 4t —=4e 
v= —e' ——e"* — Cte" + Coe 
25 6 : i 


1 7 
and he Ot Oe (AIL fl eee Cee 
Uirian Ce wan Citk y(1 + 4) 9 


The more general form 
axv+by+Adev+Bdy=T, deiby+Ade+Bdy=T’, 


may evidently be reduced to the above by successively elimi- 
nating d,y, d,. 


67. To integrate the simultaneous equation of the second 
order, 


ax+by+c+der=0, awur+by+ec+dy=0. 


Multiplying the latter by an indeterminate quantity m, 
and adding it to the former, we get 


(a+ma)a+(b+mb')y+e+me + d?(x+ my) =0, 


or di(w+my+¢,) + (a+ma’) (w~+my +c) =0 (1), 


. b4+md' c+me 


a+ma atma 


therefore, integrating equation (1), and substituting succes- 
sively the two values of m given by equation (2), we obtain 
the two required primitives; or if the values of m be equal, 
we must proceed as in the former case. 
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Ex. 1. dfa—(8e#+4y -3)=0, dfy+ (@+y¥4+5)=0. 


— 4 ee) 


m 
2 ey nha RE 
d; (@ + my) + (m OM (Shanes deo ote 


m— 4 


=m, or m?—4m+4= (m-—2)’?=0; 
m — 3 


Let 
d? (a +2y) — (wv + 2y — 13) =0; 
e+2y—-13= ce’ + ce~', 


and eliminating w from the latter of the given equations, we 
find | 
dy—-y+18+ce’+ce*=0; 


c c ; 
=18—-(¢-L)e'+—te‘'+ae'+ae 
y mi =) 9 > 
and vw=—23+4+c(¢+ 4h)e—c'(t—1)e' —2ae-2ae". 
Ex.2. d@a+ada=0, dy+ady+b=0. 


68. If we have three variables 2, y, , which are func- 
tions of ¢, and if 


dvtax+by +cx=T, 
dy+ae+by+aqzs=T), 
dz+a,v+b,y+e%=T;, 


then if we multiply the second and third by indeterminate 
constants m, m’, and add them to the first, and assume 


b+ b,m +b.m' =m (a + am + azm’), 
C+0C,m + com' =m (a+ am + a.m’), 
we have 
d,(v@ + my + m's) + (a+ ma, + maz) (w@ + my + m’z) 


=TimT, +m T. 
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To determine m, m’, we obtain cubic equations; hence 
mee. M., M., M,, Mm, ’ be thei t h b 
solving the linear equation, 


V+my+m, 2s = F(t), 
v+my+m, z= F,(t), 
v+my+m,% = F,(t), 


from which equations w, y, x may be found in terms of ¢. 


Approximate Solutions of Differential Equations. 


69. When all the known methods of integrating a 
proposed differential equation fail, we must endeavour to 
resolve it approximately, that is, to obtain from it the value 
of y in terms of w, in the form of a series. The first mode 
which presents itself of effecting this, is to assume for y a 
series arranged according to powers of #, with both its co- 
efficients and exponents undetermined; for in most cases it 
happens that the exponents do not follow the progression of 
the natural numbers, and that particular artifices are requisite 
for discovering their law. When the form of this series is 
known, we determine its coefficients by substituting it and its 
differential coefficients, for y, d,y, &c. in the proposed equa- 
tion. The following application of the method to Riccati’s 
Equation will give an idea of the mode of obtaining both the 
exponents and the coefficients. 


Ex. d,y + by’ — ax" =0, 


d,2 


let aye ; .«. ds—abzsu" =0, or putting ¢ for — ab, 
d?s +exa" =0. 
Assume # = «*(4+ Ba? + Ca? + &e.); 
be a(a—1)4a%-? 
+ (a+8)(a+ 3-1) Bott? -* 4 (a428)(a+ 28-1) Catt? + &e. 
+ CAxrtt" + eBattht" + &e. 
iW 
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Hence $8 must equal +2; and then to determine 
a, A, B, &c. we have 


a(a-—1)4=0, 
(a+n+2)(a+n+1)B+cA=0, 
(a+2n+4)(a+2n+3)C+cB =0, 


(a + 3n +6) (a+3n+5)D+cC=0, 


Cee COs eee OFS eBeeeteeeaeee een Gee 


Hence a may be either zero or unity, and 4 remains 
undetermined ; calling therefore A and A’ the two values of 
A corresponding to a=0, a=1, we get 


of cat? Catt a 
5 A Se i ee 
(n+1)(m+2) (+1) (m+2) (22+3)(2n+4) j 
cant? cat 
A ¢ j}1-—-———_—_- + > S  __ — ee. ; 
sia (2+2)(n+3) (n+2)(m+3)(2n +4) (22 +5) a 
_ ane f : f d.& 
and substituting this value of z in the expression y = mir 
x 


we shall obtain the value of y, involving only one arbitrary 


constant Tas 

As the terms of the above series have divisors of the 
forms (” +2)i+1, where 7 is an integer; if 2 be such that 
(n +2)i+=1=0, one or other of the series will be illusory, 
and we shall only obtain a particular value of =; and if 
nm +2=0, both series become infinite, but in that case the 
equation may be exactly integrated by Art. 16. 


70. In the preceding instance we arrive immediately at 
a complete result; but it often happens that the solution we 
obtain by the method of indeterminate coefficients involves 
no arbitrary constant. To supply this defect, we must in- 
troduce, instead of the arbitrary constant, a value of y cor- 
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responding to a given value of x; that is, supposing these 
to be b and a, we must substitute in the given equation, 


y=b+u, vw=artt; 


then determine uw in a series all whose terms vanish when 
¢=0; and replace w and ¢ by their values y— 6b and w# -a; 
in this way it is evident that the arbitrary constant will be 
involved implicitly ; for, from the complete integral 


f(a, y, C) =9, 
C may be expressed in terms of a and 6. 
Ex. d,y+y=g2", 
this becomes d,w+b+u=g (a+ t)”; 
assume w = t*(4 + BiP + Cty + &e.) ; 
0=aAtt-!4+ (a+) Beth) + (aty) CtttY-' + &e. 


ey; ae At* I Bit+® + &e. 


Geaik, (tenhs y=2, &c. 
A=ga"-b, 2B=gma""'-ga" +5), 


6C =gm(m — 1) a"? —gma""*+ga"—-b, Ke. 


71. The approximate solution of a differential equation 
may sometimes be obtained in the form of a continued fraction 
by assuming 

Axz® Bak Cav 
- Pereiiee ie Ge. 


a 


First, suppose a to be very small, and for y substitute 
Ax" in the given equation; then, retaining only the terms of 
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lowest dimensions in a, A and a become known by equating 


a 


in the 


coefficients and exponents. Next, write aia 


proposed equation, and in the result put x= Ba’, and de- 
termine B, (3, as before, by supposing a to be very small; 


then in the transformed equation in x, put z= ae and 
so on for the rest. ' 
Ex. my + (1+) d,y = 0. 
Let y= Awet; .. (m+a)Aa*+ Aaa =0, 
or Aaw®"'.=0; “. a=0, 


and A remains undetermined. Next, put 


, and v= Bak, 
Lepe 


and we get successively 
m(1+2) = (1+ 2@)d,2; 


m+ Ba? (m—) = BBa?, or m= BaP; 


3 = 1, B= Mm ; 
similarly, putting 
Ma 
as Sr lite CRE (Opis. 
1+¢ 


93 


Since the proposed equation when integrated gives 
y= A (1 + a)", 


the above continued fraction is the development of 4 (1+a)~”. 


72. We may approximate to the integral of a differ- 
ential equation by successive substitutions, in a manner 
similar to that invented by Newton for the solution of 
algebraical equations, as in the following instance. 


Ex. d'y+mn’y+ay’?+a=0, where a is a very small 
quantity, 


we may assume 
= 2 
Y=U+au,+a°u,+ &e., 


which gives 
@utnutat+a(d2u, + nu, + u) + a? (ditt, + NU, + 2UU,) 
+a? (du; + nu; + 2UU2) + &e. = 0. 


Hence, equating the coefficient of each power of a to 
zero, we get 


du+n'u+a=0, 
du, + nu, + uv =0, 
Glin +17 Ue +2UU, = 0, &e. (3.) 


. a . 
The first give w=—-— +c cosna@+c'sinna; 
n* 


and this value substituted in the second reduces it to the 
form 
d°u, o- nu, == Ags 


the integral of which by Art. (58.) is 


1 : : 1 
U, = cosna (c, — - {.X, sin na) + sinna (ec, + . f,X, cosna). 
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Similarly, these values of «w and w, substituted in (3) 
reduce it to the form 


2 ‘6 
d Uy + NU, = Xo; 


which may be in like manner integrated; and in this way 
the coefficients of the powers of a may be deduced one from 
the other by a uniform process. 


73. We have seen (Art. 57.) that the solution of 
d°y +n’y = A cos(max +a) + B cos (na + £), 


is y=c, cosna +c, snne 


A B . 
ae, COSINE —— U SIN (722 ° 
+ aah oes ( lie eye (naw + () 


Hence, if from the proposed equation we had to.deter- 
mine y approximately, we could not neglect the term 


A cos (mx + a) 


even when A is exceedingly small, provided m and 7 are 
nearly equal to one another; because in the value of y this 
term is divided by n’— m? which is very small. With re- 
spect to the last term in the value of y, we remark, that 
it is not periodical, but may increase indefinitely, as a in- 
creases. ‘The equations which present themselves for solution 
in physical Astronomy are usually of the above form; and 
upon the peculiarities just noticed depend some of the most 
interesting results in that subject. " 


SECTION V. 


ON DIFFERENTIAL EQUATIONS INVOLVING TWO OR MORE 
INDEPENDENT VARIABLES. 


74. In this part of the subject, it is convenient to 
employ a system of notation which we have not hitherto found 
it necessary to notice, and which may be explained as follows. 


If w be a function of any number of independent variables 
xv, y, %, t, &c., and if w+ dw be the value of w when these 
variables simultaneously become 


LY + OX, y + OY, +063, &., 
then duw=d,u.dx + d,u.oy+d,u. Oxf. a 
+ terms of two dimensions in da, dy, &e. 


If we now agree to neglect all terms of higher dimensions 
than one in da, dy, &c, and denote the value of dz cor- 
responding to that supposition by du, we have 


du =d,u.da+d,u.dy+d,u.0x + bata? 


according to which definition, it appears that dw denotes that 
part of the increment of uw, as given by Taylor’s Theorem, 
which involves only the first powers of the arbitrary incre- 
ments of the variables on which it depends; hence, in con- 
formity with this definition, da, oy, ox, &c., must be repre- 
sented by da, dy, dz, &c.; for if f(x) =a, then 


f(et+d2) =e + 0a; 
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consequently, that part of the increment of f(#) which in- 
volves the first power of da is, in this case, the whole of it, 
ov, therefore, dx = 6; and so on for the others ; 


. du=d,u.da+d,u.dy+d,u.dz + &c., 


where daw, dy, dz, &c., are the arbitrary increments of the 
independent variables wv, y, x, &c., and are entirely inde- 
pendent of those variables; and dw is that part of the 
corresponding increment of ‘the dependent variable «, which 
involves only simple dimensions of daw, dy, dz, &c.; and 
which approaches nearer and nearer to the value of the whole 
increment of u, the smaller dv, dy, dz, &c. are taken. 


The quantities d,w.da, d,w.dy, &c., are called the 
partial differentials of w with respect to w, y, &c. respectively ; 
and dw is called the total or complete differential of w, or the 
differential of w, merely. 


75. According to the above definition, the differential 
of du, or the second differential of «, will be, supposing it 
to involve only two independent variables, 


d’u =d,(du)dax + d, (du) dy 
=d,(d,u.dx+d,u.dy)dv+d,(d,u.dx+d,u.dy) dy 
=d,u.dx’ + 2d,d,u.dady + d,w. dy’, 


because in this process dw and dy are entirely independent 
of w and y; being, in fact, the arbitrary increments of those 
variables, which might have been denoted by h and k, did 
not a due regard to the precision and symmetry of the 
notation require it otherwise. And in general, if w be a 
function of any number of independent variables 2, y, sx, ¢, 
&e., the 2 differential of « will be given by the formula, 
(where the symbols of operation are separated from those of 


quantity,) 


d'u = (dw .d, +dy.d, +dx.d. + &e.)"u. 


eats SE te 
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76. ence, we see that the differential of a function 
has no reference to one variable rather than to another; 
but in its formation, all the variables of which it is a func- 
tion are supposed to undergo simultaneous unconnected 
alterations; and the value of the differential depends upon 
the values of all those alterations. Whereas in forming a 
differential coefficient, one particular independent variable 
only is changed, the rest remaining unaffected; and a quan- 
tity is produced, wholly independent of the value of the 
alteration which that variable may have received. 


77. It is evident that the rules for deriving differential 
coefficients, suffice for finding the differentials of functions. 


Having, for instance, formed all the partial differential 
coefficients of the first order, if we multiply each by the 
arbitrary increment (or differential) of the corresponding in- 
dependent variable, and take the sum, we shall obtain the 
first differential of the function; and similarly, the differ- 
entials of the second, and higher orders, may be formed by 
means of the formula at the end of Article 75. 


78. Total integration of a proposed differential, is the 
finding a function whose differential is the quantity pro- 
posed. This operation is denoted by the symbol / without 
any affixed variable; this process, like the former of differ- 
tiation, having reference to all, and not to one particular 
variable. 


Bix iL, tb ett "sy 
du =2(«dw« + ydy) is the differential of w; 


U 
w di Extret ye SI he latt tity differenti 
also [(wda+ydy) gf SUMTes the latter quantity differentiated 
produces the quantity under the symbol of total integration. 


When a quantity is presented for total integration, it 
must be reducible to the form f(v)dv; and then its integral 
=f f(v). After this observation, the rules of ordinary in- 


13 
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tegration will enable us to perform the process of total 
integration. 


y (ady — yda) 


uA / oo? 4 y? 


Ex. To integrate 


pee (wdy — yda) 


a fait — (#) ee 


=f dv putting 2 =» 
A Eee in 


= aoa eee 
v 


l ——_— 
oh 2 iraty 6) 
Ve ety ot 


79. Differential Equations involving more than two vari-_ 
ables admit of division into two classes, Total and Partial. 


A total differential equation is one which expresses the 
differential of the dependent variable in terms of the other 
variables and their differentials, and sometimes also of the 
dependent variable itself; it is consequently equivalent to a 
system of equations in which each differential coefficient of 
the dependent variable is given explicitly. Thus, « being 
a function of the independent variables a, y, x, the total 
differential equation 


du= Pda + Qdy + Rdz 
amounts to the same as the system of equations, 


du=P, djwu=Q, duw=R. 
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Also, x being a function of the indeperlent variables 
w and y, the total differential equation 
Pda + Qdy+ Rdz=0 
amounts to the same as the two equations, 
P+Khd,z=0, Q+ Rd,z =0. 


A partial differential equation, on the contrary, is only 
a relation between all or certain of the partial differential 
coefficients of the dependent variable, and the variables; as 
in the instances, 


(2 — a) d,z +(y —b)djz=%-6¢, 
a diz + 2xy d,d,z + y’d,z = 0, 
s in both being a function of the independent variables a 


and y. 


Total Differential Equations. 


80. To integrate dwu= Pda + Qdy, u being a function 
of the independent variables # and y, and P and Q being 
functions of 2 and y. 


Since Pda + Qdy must be identical with d,uwdw + d,u dy, 


we have 
d,u=P, d,uw=Q, with the condition d,P=d,Q; 
u=f,P+ fy), f(y) involving y only; 
Q=d,u=4d,(f,P) +4, f(y); 
FY) = Sy {Q@ = dye PY 5 


consequently w is known. 


y @ 
SESS Pela od ae Og 
Ex. du awa: @ (a +9) y 


eel nin d “hy aS ay 
(vw +y) : (7 +y)’ 


2U 
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u=— 


q 3 
oe SY) 
+yYy 


v 1 y : 
ualjprinncrs Aan alah Pe Le | 
(v7 +y)? e+y (wt+y)’ TY) 
d,f(y)=0, -. fly) =C, 
uw=C-— J : 
a+ Yy 


81. To integrate du = Pda+ Qdy+ Rdz, wu being a 
function of the independent variables 7, y, ». 


Since Pda + Qdy + Rdz is identical with 
d,u.dx+dy,u.dy + d,u.d2z, 
we have d,w=P, d,w=Q, du=R; 
together with the equations of condition 
d,P=d,Q, 4,Q=d,R, d,R=4,P, 


which are found by supposing each of the quantities x, a, y 
to be constant in succession (as we are evidently at liberty to 
_ do, since those variables~are independent of one another), and 
then taking the corresponding equation of condition for dw 
being the exact differential of a function of two independent 
variables. Hence 


w= f,P+w, w being a function of y and x; 
also Q=d,(/,P) + d,w, 
R=d,(f,P) +d,w, 


which two equations giving the values of the partial differ- 
ential coefficients of w, its value may be found by the preceding 
Article; and so the value of « completely determined. 
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Ex.1. du=yxda + azdy + xydz; 
d,U = YB, dju= xx, d,w= Ly, 
U=LYZ+W; 
es=as+d,w, or d,w=0, 
vy=xvyt+d,w, OGmaCs 7.0; 
aC: 


i VYS + CG 


Y wv v 
E ae. d = da + d es of 3 
xX U SoS wv mek LOG aye 
7 v y 
d, = 9 d = 3 d.u = 
Se ae Gas ack (a — x)" 
U= Cs 
a-Z 


Ex. 3. du=a(ade+ ydy) + bdz; 


(w+ y*)+b24C. 


Sh 


wo1s 


82. We next come to the consideration of the equation 
Pdx + Qdy+ Rdz =0, 


one of the three variables x, y, x, being a function of the 
other two, which are independent. 


Since the proposed equation may arise from combining the 
results of. differentiating two separate equations, we have first 
to examine whether it can be satisfied by a single primitive 
relation between a, y and x. If wx, y, x be co-ordinates of a 
point, the cases will be distinguished according as the proposed 
equation is the differential equation to a series of surfaces, or 
a series of curves. 
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For example, the equation 
(x —c) ada + (z —c) ydy = {a(~-a)+y(y—b)} dz, 


arises from combining the results of differentiating the equations 
é 
y—b (= - *) 
= x’ + 2 = 3 
FC y); g—-C + z—C 


for these equations give respectively 


yd,s—ad,z=0, (a#-—a)d,2x + (y—b)d,xs=%-c; 
from which if d,z and d,z be determined, and substituted in 
dz=d,%.dx+d,z%.dy, 


we get the proposed equation; which, consequently, cannot 
in general be satisfied by a single relation between a, y, 2. 
It is the analytical expression of the conditions of the problem, 
to find a surface belonging at the same time to conical surfaces, 
and surfaces of revolution about the axis of sz. 


83. To find the equation of condition for 
Pdx+ Qdy + Rdz=0, 
admitting a solution of the form f(a, y, z) =C. 


If the proposed equation can be satisfied by a single 
relation between a, y, and 3, 


ee ee a ps ae ae 


r P Q 
dz = —-—dxa-— dy, 
g Re - Ry 
is the differential of a function of two independent variables ; : 
P 
d,g=-—, ime 
R R 


with the condition d, (=) =d, (S) 


or, since P, Q, R may contain z, which is a function of # 
and y, 


fed ye Q Q 
dy) (=) + Uz) (=) d,% = ds (=) + di.) ©) dz 5 
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therefore, substituting for d,s, d,s, their values, 


wi 5) ~~ #4 (Q)~ Po): 


and performing the differentiations, and reducing, we get 
Pid, R-d,,Q5 + QhdyP— dR} + Rid, Q- dP} =0, 
the equation of condition for 

Pda + Qdy + Rdz=0; 
admitting a solution of the form f(a, y, z) =C. 


84. If the above equation of condition is not satisfied, 
then the equation 


Pda + Qdy + Rdz=0 


cannot, by being multiplied by any factor, become susceptible 
of a solution of the form 


fa (it Se hea Oe 
For suppose V to be a factor which renders 
Pdx + Qdy+ Rdz 


the immediate differential of some function w of #, y, z, con- 
sidered as independent ; 


* dyVP)=d.,(VQ), (VQ) = d,)(VR), 
di (VR) = d.,.,(VP); 
or Vd ,P + PdyV = Vd.Q+ QA V 
Vd.Q +Qd.V = Vd yk + dV (1). 
Vd, R+Rd,V = Vd P+ PdV 
Hence, multiplying the first of these equations by R, the 


second by P, and the third by Q, and taking their sum, the 
factor V disappears, and we find 


P (dy) R- d.)Q) + Q(d,,P— dR) + B (dy Q-dyyP)=0, (2) 


the same equation of condition as in the preceding Article. 
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85. If this equation be satisfied, which will be the case 
only when the proposed admits a primitive of the form 


F(a, Ys &s C)= 0, 
equations (1) afford a means of determining V. Then 


du = VPda + VQdy + VRdz, 


whence w can be found by the method of Art. 81, and 
u+C=0 is the required relation between #, y, and z. 


Or, without determining V, we may integrate considering 
one of the variables constant, and add an arbitrary function of 
that variable; then differentiate the result with respect to that 
variable and compare it with the proposed equation, and so 
the correction will become known. 


Ozs. In the majority of cases which present themselves, 
the factor V is capable of being determined by inspection. 


Ex. (ay — bz) dx + (cx — ax) dy + (bx — cy) dz =0. 
Divide by (ay — bz) (ba —cy), and the resulting equation 


dx (cx — ax) dy dz 


ba —cy a (ay — bz) (ba - cy) i. ay — bz 


satisfies the conditions, considering w, y, %, as independent, 
d,P=d,Q, d,Q=d,R, d,R=4d,P; 


and therefore the first member may be regarded as the dif- 
ferential of some function, u, of a, y, considered as in- 
dependent ; 
1 
*~ du 


be —cy 


1 
ei log (be — cy) +0; 
i) 


d 
ay — bz mie 
cx —ax c 1 q 
(ay—bz)(be—cy) b ba—e bi dai 

a 1 

d,w = — 

ek BS b ay—be 

Tees Ne, 

6 ay-—bs 


1 
_ w= — z log (ay — bz) + C; 


1 bx — bx — 
. u=-—lo (= st) + C=0, or IRE LN Y 
b ay — bz ay —bx 


Oxzs. When in an equation of this sort, the differentials 
enter above the first degree, it is not integrable unless it can be 
resolved into rational factors of the form Pda + Qdy + Rds; 
for whatever be the integral, it must upon differentiation pro- 
duce a result of that form. 


86. If the equation 
Pdx+Qdy+ Rdz=0 


be susceptible of a primitive of the form f(a, y, x, C)=0, 
and be homogeneous and of m dimensions with respect to 
2, y, %; then, putting w=vz, y=we, and dividing by ", 
it becomes 

S (vdzs+2dv)+T' (wdz+2dw) + Udz =0, 


S, T, U being functions of v and w; 
dz Sdv+T'dw 


hence the second member is an exact differential since the 
first is so, and it may be generally integrated by inspection, 
or by the method of Art. 80. 

14 
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Ex. 1. (y+s)da+(v+2)dy+(a+y)dzx=0; 
put T=vs, Yy=Wwes, 


dz (w+1)dv+(v+1)dw 


x vo(w+l)+w(vtl)+vtu 


3 


dz d(vtwt+vuw 


Ps v+w+ow 
. logs’ (v+w+vuw)=logC, or ex+yx+ay=C. 


Ex. 2. (y° + yx + 2°) da + (a + az + 2") dy 
+ (# + ay+ 9") dz=0. 
Make w=vz, y=we, 


EL (w?+w +1) dv +(e? +041) dw u 
Pits v(w+wtil+w(' ++ 1) +e +ow+u? ; 
but of the latter fraction, the denominator 
=vw (w+v+l)t+v(wt+ilt+vy+wiv+1+w) 
=(vw+v+w) (v+w +1), 
and the numerator 


=(l+v+w)d(Wvu+w+vw)—-(viwt+vujd(v+w); 


ih AND ae te 4) d(1i+v+w) 


— ——— 
— 


x V+w+tovw 1+v+w 
v(v+wt+vw) 

*. log (——__—__—_*} = log C;; 

s| l+u+w Pein 


. SB +syt+ay=C(s+ar4y). 
Ex. 3. (@-—y'? 4+ 3%")dx—3x*dy 


d 
+ (y- 2) (x° + vy + a) = =0, 
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putting w=vs, y= we, this is reduced to 


dw =(1+0v° —w’)dv; 


Oats 
ae fre” + C, | (Ex: 3, Art? 18.) 
Fi 
ve 2 2 
or > 7 a dee mC, 


% being constant under the sign of integration. 


Total Differential Equations that do not admit of a Single Primitive. | 


87. We have seen that the equation 
Pdx« + Qdy + Rdz =0, 


when the equation of condition (Art. 83) is not satisfied, does 
not admit of being derived from a single primitive equation 
Involving two independent variables. The integral in this 
case will be exhibited by a system of two equations; and 
the proposed equation cannot be regarded as the differential 
equation to a surface, but to a system of curves in space, all 
endowed with some common property. 


Ex. 1. dzs=aydza + bdy. 


Since the equation of condition in this case is not satisfied, 
a and y cannot be independent, and we may assume y = f («) 5 


-. dz=af(x«)dx+bf' (2) da; 
. wm aff a) + bf (a), 


which, with y = f(x), constitutes the integral of the proposed 
equation. 


In general, if V be a factor which makes Pda + Qdy an 
exact differential, considering as constant, and we find 


[(VPdx + VQdy) = w+ (2); 
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it is evident that 
w+(x)=0, together with d,w + (x) - VR =0, 


satisfy the proposed equation, where @ (x) denotes any func- 
tion of x 


Ex. 2. xdv+ady+ydz=0, 


Sie 


ioe 8. f{a(vw-—a)+y(y—5)} dz=(z—-c) (wdx+ydy), 
a’ +y?+2o(2)=0, w(a#—a)+y(y —b) + (z-¢) f(s) =0. 


Partial Differential Equations. 


88. In partial differential equations of two independent 
variables, the differential coefficients of the first order d,z, 
d,z, of the dependent variable x, are usually denoted by the 
symbols p and q; and d>z, d,d,z, d)%, the differential co- 
efficients of the second order, by 7, s, 7, respectively. A 
partial differential equation is said to be of the n™ order, when 
it involves one or more of the partial differential coefficients of 
the dependent variable of the mn order; but none of a superior 
order. To be the general equation of the n™ order, it ought 
to contain the independent variables, and the dependent va- 
riable together with all its partial differential coefficients from 
the first order to the m™ order inclusive. To integrate a 
partial differential equation, is to find for the dependent 
variable, an expression between the differential coefficients of 
which, that relation exists which is indicated by the proposed 
equation ; and under the most general form possible. 


Equations of the First Order. 


89. The complete integral of f(w, y, 2, p, q)=0, the 
general equation of the first order, will involve one arbitrary 
or general function. 


109 


For let w= F $a,'y, x, p(v)} =0, be an equation by 
virtue of which z is a function of the independent variables 
v and y, v being a known function of w, y, and x. Then 
p and qare given by the equations d,w=0, dyw=0, each 
of which will involve d,@(v) or @’(v), and may involve 
_@(v); consequently, between the three equations w=0, 
d,w=0, dyw=0, it will be possible to eliminate @(v) and 
g'(v), and there will result a relation f(x, y, , p, 9) =0, 
wholly independent of the form of the function @ (v); and it 
is evident that in general more than one function cannot thus 
be eliminated. Conversely, an equation of the form 


S(® Y % Pp, q)=0 


being proposed, its complete integral to have all the gene- 
rality possible, must be of the form F' 5 ay Y, %> P (v)? = 0, 
where the form of @(v) is perfectly arbitrary. 


For example, let 
w= s+mu+ny — (vr) =0, 
where v = (2 - a)’ + (y—b)? + (x -c)’; 
then d,w=p +m -— q’'(v) {2 (#—a) +2(2—c) p} =0, 
dyu=qt+n— qd (v){2(y—b) +2(%—c) gq} =0. 


Hence, transposing, and dividing one result by the other 
to eliminate ¢'(v), we find 


p+m (v-—a)+(%-c)p 
qin. (y—b)+(%-c)q 


or pfy—b—n(x-c)} -q{a#-a—m(x-c)} 
=n (o-a)-m(y-9), 


the partial differential equation of which the complete inte- 
gral is 


s+ ma +ny =p {(v—a)? + (y — 6) + (s -¢)’}- 
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90. To integrate an equation in which only one of the 
differential coefficients of the first order enters with w, y, 
and x. 


Let the equation be 
f(@s Ys % p) =0. 


Integrate it, considering y as a constant, and in place of 
the arbitrary constant C, add a function of y of arbitrary 
form. The resulting solution, containing one arbitrary func- 
tion, will have all the generality that can be attained. 


Ex. d,3(@ +y)=2?+y'5 


d,& 1 


4 ety ty 


0; 


cout EN : —tan7' ; = tan’ ¢ (y), 


or x— a= (y+ a2) p(y), 
@ (y) being arbitrary in form. 


The equation f(#, y, x, q)=0 is similarly integrated, 
the correction in this case being an arbitrary function of #. 
Ex. xyd,s +nx = 0, 
2 s"y" = d (a). 
91. To integrate the linear equation of the first order, 
Pp+Qq=R, 
P, Q, and R being functions of x, y, and x. 


Let the primitive be F(a, y, x) =0; therefore, denoting 
dF (x, y, %) by F’(#), and so on for the other co- 
efficients, we get 

F'(a) + F(z) .p =0, 


F'(y) + F(z).q = 93 
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 PF'(#) + QF'(y) + RF(x) =0. 
But dF (w, y, 2) = F(w) da + F'(y) dy + F(x) dz =0; 
-. PF'(«) dx + PF’(y) dy + PF’(x) dz =0, 
and PF'(«#) da + QF'(y)da+ RF'(z) dx =0; 
. F'(y) {Pdy - Qdx} + F(z) {Pde — Rdw} =0, (1). 
which is satisfied by 
Pdy — Qdx =0, 
Pdz — Rdx =0. ii 


Suppose that by integrating these equations, either se- 
parately or conjointly, we obtain M =a, N= b, two relations 
between the three variables and the arbitrary constants a and 
b, which satisfy them. By means of these two equations, 
any two of the variables as y and x can be expressed in terms 
of a and 6b and the third variable 2. The complete primitive 
becomes 


F(a, y, s)= (a, a, 6) =0, 


_and the differential of @ (#, a, 6) must by virtue of equations 


(2) be identically equal to zero, therefore @ (a, a, b) cannot 


_ contain a, and 


0= (a b|)=o(M, N), 
or M=f(N). 


The assumptions (2) satisfy equation (1) independently 
of the forms of F’(y), F’(x), that is, independently of the 
form of F'; therefore the form of @, and consequently of f, 
is arbitrary. Hence M =f (NV) being a solution of the pro- 
posed equation and containing one arbitrary function, is the 
general primitive. 
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92. For the success of the method, it is in general 
necessary that of the three equations 


Pdy —Qdx=0, Pdz—Rdx=0, Qdzxs—- Rdy=0, 


one at least should contain those two variables only whose 
increments or differentials appear in it. ‘They are called the 
reducing equations of Pp + Qq = R; and may be easily re- 
membered under the form 


93. By a similar process, partial differential equations of 
three or more independent variables can sometimes be inte- 
grated. If x be a function of a, y, ¢, and 


I'n+ Pp+Qq=R, 


where » = d,2, we have 


Up sales ip med Nip 
n= 7 : 


which, substituted in 
dz =ndt + pda + qdy, 
gives T'dz — Rdt = p(Tde — Pdt) + q(T dy — Qdt). 


d s dt 
And if the equations = = 7 2 = ae oF 


Tdz-—-Rdt=0, T'de-Pdt=0, Tdy - Qdt=0, 
Piverl 10, uae, eee eae 
then the solution is 


o(L, M, N)=0, or L=f(M, N). 


94. To explain the geometrical meaning of the solution 
of a partial differential equation of the first order. 
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If we regard w, y, x as the co-ordinates of a point, and 
the proposed differential equation as the equation to a system 
of surfaces, M =a, N=b, are the equations to two surfaces, 
which, being satisfied by values of w, y, x which satisfy the 
differential equation, conjointly represent a line on a surface 
represented by the primitive. By giving any alterations to 
a and 6 we obtain other lines in space; but in order that 
these lines may always lie on the surface in question, these 
alterations must not be independent but connected, according 
to some law expressed by the relation 


a= f(b) vor Ma fC): 
For example, the equation 
pe+ qy =% 


is the differential equation to a conical surface, and 
@ 
Y — a, — =< b, 
Bs x 


are the equations to any straight line through the vertex. 
If a and 6 undergo all possible variations consistently with 
the restriction imposed by the nature of the directrix, the 
assemblage of straight lines thus formed is the conical sur- 
face. 


We shall now apply the preceding method to examples. 
lope 3 pr+gs+y=0, 
dz=pda+qdy, 
vds= pada +qudy 
—yde« = padut+qzda; 
* wds+ydu=q (ady — sda); 
. wds+ydxr=0, 
vdy —zdx =0, 


sdz + ydy = 0. 
15 


From the last, 27+4° =a’*; 


. wdz+/a—-sx'dx=0, 
dz dx 


sin7! = + log w = log b; 
a 


cy = f(y? + #) 
Ex.2. p(#-a)+q(y-b)=2-€¢. 
This compared with Pp + Qq=R, gives in the place of 
Pdz-Rdx=0, Qdz— Rdy=0, 
the reducing equations 


(« —a)dz —(s-—c)dx=0, Op EG SOy 0: 


v-—a y—b 
=, = )5 
z—C x—C 
UP tid (=) 
pray Tel s—Cc 
-Ex. 3. mp +nq =13 


“ mdz—dx=0, ndxs—dy=0; 
t ® — ms =a, y—ns=; 
. y—ns=f (w—ms).. 
Ex. 4. (vw — ms) p + (y-—7s)q=09; 
. (w—mz)dz=0; . =a, 


(w —msx) dy —-(y—nx)dx=0, 


T15 


or (vw — ma) dy—-(y-—na)dxe=0; 


eas Bike IR AST! b), | 
a Pap KE ut a = f(b), 
Lv — Ms 
ai Geras) 


1 Ue 2) 
Ge re va meh 
ya a? oy +f ( 
1 1 1 
2 a: Sieh I arin e 
TS hie See ead ~) 
8. vd,%+ydyx+tds+ud s=nz, c= ef (2, a |. 


9. 3— pe —qy=nV/ arty +2, 
ei(s+ / io? + y+ 2°) =1(2) " 
10. (av+by)p+(ax+0by)q =cx. Assume x= e". 


95. The following examples require artifices in the com- 
bination of the reducing equations. 


Ex. 1. fy—-b-—n(x-c)ip—-j{a-a-—m(x-c)ig 


=n (@- 4) -_m(y~0), 


. 116 


the equation to surfaces of revolution. Here the reducing 
equations are 


{n (w — a) —m (y —b)} da - {yb —n (x —0)} dz =0, (1). 
fy-b—-n(x—-c)}dy+$x-a—m(z-c)}dw=0, (2). 
{vw-a—m(x—c)idz+ jn(4—a)—m(y—b)idy=0, (3). 
Multiply (1) by #—a, and (8) by y—B, and add, 
Sn (a —-a)—m(y—b)t x 
(wv —a) dw +(y—b) dy +(x -c) dx} =0; 
“. (w—a)da + (y — bd) dy + (zx —c)dz=0; 
“« (w-—a)?+ (y—-—b)? +(s-c) =a. . 
Multiply (1) by m, and (3) by », and add, : 
“. {n(v@—-—a) —m(y —b)} (mda + ndy + dz) =0; 
. mda +ndy+dz=0, 
ma+ny+s=B=f (a); gy 
‘, + mat ny =f {(w — a) + (y—b)? + (s — 0). j 
Ex. 2. (w@+y+s) dx + (¢+y+4+ 2) d,2 
+(¢+at+a)dxs=t+ar+y. 
The reducing equations are 
(w+y+s)dx=(t+ar+4+y) dé, 
(v+y+sx)dxe=(t+y+3) dt, 


(9+ y+sx) dy =(¢+e+32) dt; 
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 (w+y +42) (dx - dt) = (t — 8) dt, 
(7+y+ 3) (dw — dt) = (t - 2) dt, 


(w+y+ 3%) (dy - dt) = (¢-y) dt. 
Also, 
(7 +y+x2) (de+dy+dz+dth=38(¢+a+y4+3) dt; 


_ dx —dt dt du+dy+dz+dt 


a ° 


- (w+yte2t).(s-—Hr=a, 
Similarly, (w+y+2+%).(@-?t) = £8, 
(wty+ett)(y-Di=y¥; 
o (w~+y4¥+2+42).(s - Zt)’ 
=Fi{(wty4+24+8).(a— 2) (v+y+x2tt).(y —2d}. 
96. To integrate F'(v, y, x, p, qg) =0, when it contains 
terms of more than one dimension in p and gq. 


In order that 
dzs=pda+qdy 


may be a perfect differential, we must have 
Typ + 4 yP = Uo9 + PAay4- (2). 
If from the proposed equation we determine 
G 49 Ua 


equation (2) becomes an equation for the determination of p 
of the form 


dp + Md,yp+ Nd.)p = L, 
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the integration of which depends on the integration of one 
of the equations 


dp—Ldx=0, dy—Mdx=0, dzx—-Nd«r=0. 


Let p=f(a#, y, %, a) be found from these equations, a 
being an arbitrary constant. This value of p and the corres- 
ponding value of q found from the proposed equation, being 
substituted in dz = pda + qdy render it an exact differential ; 
and thus a value of x will be obtained involving two arbi- 
trary constants a and 6; and this will consequently be the 
complete primitive. The general primitive may be obtained 
by putting b= (a), differentiating the equation with regard 
to a, and eliminating a. The result containing one arbitrary 
function is as general as any solution which the equation 
admits. 


EX eels eo tgs 


p 
= Pes fs d, =—- —=—- dd, nih 
q P q 7a ae oe Ps Ts im; 


d, *d, 
pap , pid.p _ 


Ay BONE TING Rees pips nt 


dz=ada+/1-a’ dy, 


s=av+V/1—ay +b, 
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or e=avt+r/1—-a’y+ (a), 


a 
ef CEE FON 
rf 1-a@ 
If a be eliminated between the two latter equations, the 
general primitive results. 


This is a simple case of the problem of finding surfaces 
of equivalent area to a given surface, that is, so that any 
cylindrical surface parallel to axis of » may always intercept 
equal areas in the required and given surfaces. 


If P, Q, be the values of d,z, d,z in the given surface, 
the general condition is 


p+e=P?+ Q 


which, if the given surface be a plane, leads to the equation 
of this example. 


Dp as Z= Pq 
& 
= of 3 
TSN es 
8 
(y+ay as dp (a). 


Equations of the Second and Higher Orders. 


97. Here, besides the coefficients p and q of the first 
order which may be involved together with #, y, and x, the 
equation must contain one or more of the coefficients of the 
second order r, s, ¢; so that in its most general form it 
will be 

F'(@, Y, % P. q, 7%, 8 ¢%) = 0. 


In partial differential equations of the second order, we 
cannot be certain of the form of the solution, nor pronounce 
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beforehand how many arbitrary functions it ought to contain. 
For let 
u=f pa, Y, % P(r), Wy (w)} = 0, 
be an equation containing two arbitrary functions of vw and 
w two known functions of #, y, and x; then p and q will be 
given by the equations 
d,u=0, d,w=0; 


and r, s, and ¢ by the equations 
du = 0, d,dyu = 0, du = 0. 


These together with «w= 0 make six equations, into which the 
six quantities 
p (v), Vy (w), p (v), Wp’ (w), me (v), WV (w), 


may enter. Consequently, it will not generally be possible to 
eliminate these six quantities and obtain a relation between 
2, Ys %5 Py» 5 7, 8, f, independent of the forms of the func- 
tions @ and vy; although particular cases do occur in which 
this can be effected. 


In general, if «=0 contain m independent variables, and 
m functions of the form @(v), where v is a determinate func- 
tion of the variables; these functions can certainly be eli- 
minated between the equations obtained after (7) differentia- 
tions, if 

nm(r+1 \ n(n+1)...(%+7-1 
Liz [7 

the former expressing the number of equations, and the latter 
the number of functions. 


98. As an example of forming a partial differential equa- 
tion of the second order, by the elimination of two arbitrary 
functions, we may take 


u=y-x2h(z) —W(z) =0; 
. d,u = — (x) — af (8) p— W(x) p =0, 
du = 1—a@ (x) q-—W' (x) q=0; 
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a p+ qo (x) = 90; 
. r+sh(2)+ pad(s) = 9, 
st+td(s)+¢¢ (2) =9; 
. qr — ps + (qs — pt) p(s) = 0, 
or gr —2pqs4+ pt=0. 
99. The equations 
d>s + Pd, +Q=0, 
d,s + Pd,z + Q=0, 


where P and Q are functions of a, y, and s, must be in- 
tegrated as equations between two variables, y being regarded 
as constant in the former, and 2 in the latter; and arbitrary 
functions of those variables respectively, being introduced 
instead of constants. 


100. The equations 
d,d,z + Pd,z = Q, 
d,d,% + Pd,z = Q, 


where P and Q do not contain x, are reducible to the case 
of Art. 90, by considering d,x or d,s respectively as a single 
quantity v. 


3 


d,% = ay’. 


Hx: d,dy% + eae 


This being a linear equation in d,s which is made in- 


, we have 


1 
tegrable by the factor a aavers 


z wad ; / 
ae Sr a A a 
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“ c= h(a) + oy} /1-¥- —(2 +¥) 0 -¥)- 


101. Similarly, equations of the forms 
St (@; Ys Bs d,%, dp &C., d,%) = 0, 
S (a, y, % dyx, d)x, &e., dix) =0, 


may be treated as if they contained only two variables ; 
arbitrary functions of y instead of constants being introduced 
into the solution of the first, and arbitrary functions of « 
into the solution of the second. ‘To this case may also be 
reduced the equation 


f(a, y, Gx, ddz, djdiz, &c., dpdyx) =0; 
for by putting djx =, it becomes 
Ts 9, 0, de, div, &c., dv) =0, 


which will give a value of v containing m arbitrary functions 
of ys and then dis =v will give x involving m arbitrary 
functions of w. 


102. To integrate ne linear equation of the second order, 
Rr+Ss+ Tt= JV, 
where R, S, T7', V are functions of x, y, 2, p, q. 
By means of the relations 
dp =rdu + sdy, 
dq=sdx +tdy; 


eliminating two of the three coefficients, » and ¢, from the 
proposed, we get 


Rdpdy + Tdqda —Vdady =s }R (dy) + T (dx) — Sdady}, 
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which is satisfied by 
Rdpdy + T'dqdx — Vdady =0 
R (dy)? + T (dw)? — Sdady =0 O 


Let M=a, N = b, be two relations between 2, y, 2, Pp, 4; 
and the arbitrary constants a, b, which satisfy these equations ; 
then I= (JN) satisfies the proposed equation. This will 
be shewn by proving that it can reproduce the proposed 
equation. 


Let dy=mdaz; .. Rm’-Sm+T=0. 
For each root of this equation, we have 


dy—mdv=0, Rmdp+Tdq-—Vmd«=0; 


*. dy=mda, 
Vm 
Le ee a OP | (2) 
dz = pdx + qdy. 


Hence M=a gives on differentiation 


0=d,M.dx+d,M.mda«+d,M (pdx + gmda) 


| Vm Rm 
+d,M.dp +d, M.( de — =~ dp) 


wherein all the known relations (2) having been introduced, 
dx and dp must be independent, 


7 
- 0=d,M + md,M + d,M.(p +mq) + a d,M, 


Rm 
0 =d,M ~~ d,M 


7 
i! 


124 . 


Vm 
. d,M = — §md,M + (p+ mq) d,.M a d,M}, 


Rm 
d,M =—, d,M 
Vm 
So d,N =— jmd,N + (p +mq)d,N + ar UNS 
Rm 
d,N = ar aN. 


By differentiating the assumed equation M = p(N) we 


have 
dM = ¢'(N).dN. 


Now 


v 
dM =- {md,M + (p+mq)d,M + “7 4, MY da + dyMdy 


- , 
+d,M (pda +qdy) + “ae d,M.dp + d,M.dq 


d,M 


a (Rmdp + T'dq-Vmd2a), 


= (d,M+qd,M) (dy—mdz2) + 


and a similar value exists for dN; 


d,M 


a (Rmdp + Tdq—-—Vmdz) 


. (d,M + qd,M) (dy—- mdz) + 


= f' (N) {(d,N + qd.N) (dy — mdz) 


d,N 
a (Rmdp + Tdq -Vmd«)}, 


+ 


which may be put under the form 


Rmdp + Tdq -— Vmdwa = w (dy — mda) 
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or Rm (rdxv + sdy) + T (sda + tdy) — Vmdw=w (dy —mdz), 
where dw and dy are independent ; 
. Rmar+ Ts-—- Vm=—-om, 


ims + Tt =o; 
. Rr+Ss+ Tt=V——(Rm?—Sm+T7) = V. 
m 


Hence, M=q@ (JN) satisfies the proposed equation. 
According as the roots of 
Rm’ —- Sm+ T =0 


are unequal or equal, we are thus supplied with a total or 
partial differential equation for the determination of sz. 


Oxss. As the reducing equations (1) may contain 


Vs, Ys Xs Ps q> 


and as these together with dz = pda+qdy will generally 
lead to an equation containing three variables, which will 
not always admit of a single primitive (Art. 83.), it may 
happen that the first integral of the proposed equation 
cannot be determined; but we must not thence conclude 
that the proposed equation does not admit of being solved. 


103. Hence, to integrate the linear equation of the 
second order 
Rr+ Ss + Tt= V, 


the process is to obtain a value of m from the equation 
Rm’ — Sm+ T'=0, 
to substitute it in the system 


dy—mdw=0, Rmdp+ Tdq=Vmdza, (1.) 
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to satisfy these, conjointly or separately,. by two relations 
between 4%, y, % Py qs 
M=a, N=bB, 


then to put M=@(N), and to integrate this equation of 
the first order. 


104. If R, S, T', be constant, and V a function of & 
and y only, then the values of m will be numerical, m and 
nm suppose; and the integrals of equations (1) will be 


y-me=a, Rmp+Tq=mfV+6, 


where, previous to integration, m#+a is substituted for 
y in V, and after integration the value of a, viz. y — ma, is 
restored: consequently calling this value V,, since Rmn= T, 
we have 


Rp+Rnq=V,+ dy — me). 


Next to integrate this equation of the first order, we have 
the reducing equations 


dy -—-nda=0, 
Rdz-3V,+¢'(y-ma)} da=0; 
. y-nv=a, 
Rea [Vi + fop'(y — ma) + B; 


nx +a being substituted for y before the integration is per- 
formed, and afterwards the value of a, y—ma, restored; 


this gives {,V, = V,, suppose, 
1 
and fp! (y — ma) = fap! {(m—m) w + as =~ h(y— ma); 


hence, including the constant multiplier under the sign of the 


function, 


Rz=V,+ p(y-—ma)+Wly- na). 
xe d-3 = a'd,2, or r—a’t=0, 


or rdady —a*tdyda = 0, 
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or dpdy — s(dy)’ — a’ {dqda — s(da)*} =05 
*. (dy) = @ (day, 
dpdy = a dqda, 
dy = £adu. 
1 dy=adx, y-av=a, 
Meads, p-aqaip=r(y saa). -G) 
gut dy=-ada, y+ar=a, | 
Peed eag= B= oy #40). | ©). 
By adding and subtracting (1) and (2), 
ap=f' (y—ax) + Py + 22); 
2aq= (y+ aa) —f' (y — a2); 
-, 2Qadz = 2apdux + 2aqdy = (y + aa) (dy + ada) 
—f'(y - a2) (dy - ada); 


. s=P(yt+ ax) + f(y - aa). 


9 2 
rdady — ae sdudy + ee tdydax = 0, 
q q 
a) 2 
dpdy — s (dy)’ — - sdady a {dqdx — s(dx)’} =0; 
2 
(dy) +2 ; dydw + pany =O: 


p” 
dpdy + ? dqdx =0; 
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. dy=- a dx, 
q 


Pp 
dp —— dq=0, 
q 


dz=pdx+qdy=0, .. S=a, 


- p-af(s) =0. 

To integrate this equation of the first order, we have 
| dz =0, or ‘x= a; 
dy+f(z)dw=0,- or y+uf(a)=8; 

. yt af(s) = f(s); 


this is the equation to the surface generated by a straight line, 
subjected to pass through three given fixed curves. 


Ope cy r—-at= oy, 
saguy + fy + aa) + p(y -aa). 

tees hom Breer 

5. r+8s+2t=aty. x=h a" y-3e °+ b (y-#) + (y—-22). 

5 2 2 f Y y 

- @r+2nys+yYt=0, x=a#p = +1 aie 

% r+(a+b)s+abt=-xy, 


: 1 
w — 5 ay + = (at bat =o (y — aa) + Wy — ba). 


8 (l+pgt@)r+s(@—p)-U+pqtpytso 7 


A TREATISE 


CALCULUS OF FINITE DIFFERENCES. 


SECTION L. 


DIRECT METHOD OF DIFFERENCES. 


Definitions and Principles. 


Art. 1. Iw the Differential Calculus it is the first term 
only of the series, arranged according to ascending powers 
of h, expressing u,,, —w, (where uw, is any function of & 
and w,,, the same function. of # +h), or rather the coefficient 
of A in that term, with which we are principally concerned, 
and which we usually write hd,w,. But in the Calculus 
of Finite Differences, it is the whole of that series which 
forms the object of our investigations, and it is usually written 
Au,, so that 


At, = 4, 7 Ue- 


2. It is common, however, to suppose the finite incre- 
ment which the principal variable 2 receives, to be 1 instead 
of h, both for the sake of simplicity, and because that is the 
value of the increment when w,'is regarded as the general 
term of a series; and in that light it is by far the most. 
frequently regarded in finite differences; so that 


A Ug = Ups — Us. 


v 

There are, however, in this subject, several important 
theorems which it is advantageous to investigate on the hypo- 
thesis of an indeterminate increment h, for the principal vari- 
able, instead of unity, as the process is the same on either 
supposition, and the result one of greater generality. And 
if in other cases it should be desirable to introduce the same 
hypothesis, the expression must be prepared by first writing 
hz instead of xv, then performing the operation on the usual 


. ° e © . ve 
supposition of Az = 1, and in the result writing ; for x. 


3. By a Series is meant a regular progression of terms 
increasing or decreasing in magnitude according to a certain 
law; hence, when that law is given, and also the place of 
any term in the series, the magnitude of the term may be 
found, and thus the successive terms of the series may be 
produced in order. The place of any term in a series is 
assigned by giving the number of terms by which it is re- 
moved from some one which is considered as fixed. This 
number is called the index of the term to which it belongs. 
Thus in the series 


Ose lent Bi 27s WO, wetaneces 


taking the first term as the point of departure, we have the 
corresponding series of indices 


O, 1, 2, 3, 4, ... @, ... 


If the series be continued backwards, the indices must 
be considered as negative; thus the backward continuation 
of the above series gives the terms 

Tecoma beeen es wea 


with the corresponding indices 
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4. Since the magnitude of every term is determined 
solely by its index and by the law of the series, it follows 
that any term is a certain function of its index, the form 
of which does not alter in passing from one term to another, 
but remains the same throughout the whole series. ‘Thus 
in the above series every term is the cube of its index. 


This function analytically expressed is called the general 
term of the series; (in the above series the general term 
is #;) and it is evident that all the terms of the series 
will be produced from it in order, by substituting successively 
for the index 2, the progression of natural numbers 


q08 7149 Tals 0, 1, 25 eee 


The general term of a series is usually denoted by w,, 
where uw, is a certain function of 2 determined by the nature 
of the series. Thus, w, denoting the general term, the series 


will be 


coe U_gs Uj Upy Ujy Usy .-. Ug—-19 Uno Unis ooe 


5. The excess of any term w,,, above that which immedi- 
ately precedes it, or the function 2,,,—%, 1s called, as has 
been stated, the Difference of the function u,, and is denoted 
by Au,. (In certain cases, which will however be expressly 
mentioned, we shall take Aw, to mean w,,,—,-) 


It is obvious that w,,, —w, is itself in general a certain 
function of w, the nature of which is entirely dependent on 
that of the original function u,, from which it is derived, 
and susceptible of a difference. 


The difference, consequently, of the function Aw, (which 
must be considered as having Aw for its characteristic, in 
the same manner as w, has w) is 


A (Aw,) a AUz+1 — AUg, 


which is usually written A?’w,. 


In like manner 
A (A? uz) c= A’ Uy — A? Uys) 7s Dalian 


A(Na,) = Ay = AU tas 


Cee eee eee eee voet®eeoese eee eee eee aeun eae 


~ —] 
A", a iNG ya ia; lak Uz- 


6. Hence if in any function of w we change «& into w + 1, 
and from the result subtract the proposed function, we obtain 
the first difference of the proposed function; and the second, 
third, &c. differences are formed, each from the preceding, 
by a similar operation. To determine these differences of 
given functions, and to investigate the relations which hold 
between differences of any orders and the functions from 
which they are derived, is the object of the direct method 
of differences. 


We shall now proceed to give instances of finding the 
differences of various functions, according to the above defi- 
nition. 


Differences of Explicit Functions. 
7. To find the difference of au, +c, u, being any func- 
tion of w, and a and e quantities independent of z. 
A (Gt, + €) = Ug, + C — (AUy +0) = A (Ug) — Uz) = AU, 


Hence, making a=0, Ac=0. 


8. To find the difference of the sum of any number 
of functions of a. 
L (Ug + Vg + We) = Very + Van) + Woe, — (Uy + Vg + W,) 
SS Uae Uy + U2, > Uy, + Wri Ww, 


Au, + Av,+ Aw,. 


I 


ee 
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9. To find the difference of the product of two functions. 
A (%,U,) a Ur+ 1U241 — UpVy = (u, Ty A Uz) (v, + Av,) — U,V, 
= U,Av, + 0,AU, + AU,. AU, = U, AV, + 0,4, AU,. 


10. To find the difference of the quotient of two func- 


SS ee 
———— — 


i (~) Ue, Ue _ (u, + AUz) Vz — (Vz + AY,) Uz 


Vy +1 Uz V» +1 Vy 


VU, AUy — Uy AV, 


Vy +1 Ux 


11. To find the difference of the continued product of 
any number of successive values of a function. 


A (26% r+ 1 SONY Untn) = Up 41 Uz42 022 Urtnti — UaUry) oo Untn 
= Ue 41 Uzi2 «ee Urn Usene1 — Uz): 
Hence in the particular case where u,=a + bx 


A (Up Uy 41 coe Tye), —— Un41Un+e coe Usain ° (n + 1) b. 


12. To find the difference of a fraction whose numerator 
and denominator are the continued products of any number 
of successive values of two functions wu, and v, respectively. 


= — (Urta cia UyVe4m+i)> 


A (Sete ws '9 a Uy+1Urre vee Uctn 
Uy Vo+1 eee Verm+1 


U2 V0 541 eee Viim 


I Orem+i — Uz 
Hence A = — —_,, 


Ux Voi oe Va+tm Vy Var) cee Viram+) 
and in the particular case where v, = a + ba, 


1 “aU 
ee ac at oes 1) Oy 


VeV x41 eee Vrim OV 241 eee Vri m+) 


6 


13. To find the differences of any rational integral func- 
tion, and to shew that the m™ difference of a rational integral — 
function of the m™ degree, is constant. 


Let w,= Av"+ Ba '+...4+Kav+Z, bea rational integral 
function; then its first difference is 


Au, = Af(eti)*—a'} + BS (a4) - a b+... 402041) 4+ 


=nAage-14 Byars wo bho kK, 


which is a rational integral function, one degree lower than 
the original function. In like manner, for the difference of 
this, or the second difference of w,, we have 


Mu, = (1) Aa ® Be dae 


th difference, we have 


and so on; and for the n 
NU, = AN — 1) was oe eter 


Hence the n difference is constant, and the differences 
of all orders superior to the 7 vanish. 


AlsonA2 i) ale 2 oie 


14. To find the differences of a’. 
Aa =a*t!— a’ =a" (a-1), 
A’a" = (a —1) Aa® = a* (a —- 1)’, 
A*a*" = a" (a — 1)". 


Also Aa = att 40. — qs = q (a4 — 1), 


15. To find the difference of log v,. 


A (log v,) = log v, 4, — log v, = log emis log (1 + ="), 


vz 


ae 
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16. To find the differences of sin v, and cos v,. 


; : ’ UteS Ue Av, 
A sin v, = sin (v, + Av,) — sin v, = 2 sin 5 008 [Pe + 


Pe AUZe: 
= oan sin $v, + d(r+Av,)}. 


. Av, , Av, 
A cos v, = cos(v, + Av,) — cosv, = — 2 Saag sin (». “f :) 
a, (aN 
= 2 sin —~ cos fv, +4 (7+ Ar,)}. 
a n 
Hence Asin (70+a)=(2 sin 5) sin jvOt+a+—(r+8)f, 


A’ cos (#78 +a) = (2 sin “) cos {a0 +a+— (4 +6)}. 


17. To find the differences of tan v, and tan7!»,. 


ree tani, v= taneeap eee ee eer Os 


COS UV, 41 COS V, 


sin (¥,41 — Vz) sin Av, 


COS U,,1, COSU, COS V,41 COS U, 


sin 0 
Hence A tan xO = cos (a + 1) 0 cos «0 r 


= i Vor1 — 0 
Also A tan—'v, = tan”) v,); — tan7}», = tan7): 
LFusiv, 

AU, 


= tan7' —_—_—_____ 
1 + Uzr41U, 


0 


hence Vs tan. 7G) — tan 2 
14 (+1) «? 


Relations between the successive Values and the Differences of a 


Function. 


Taree o express A”u, by u, and its m successive values, 


u U U 


tt+h? fio! foe < a2+nh* 


We here take @ instead of unity for the increment of the 
principal variable, as the investigation is precisely the same 
on either supposition. 

Att, =U,.,— Us 

2 = _ — 

A Uy = U, i Unsh are (ae, val Uy) .~ Un, oh 2U, +h 2 Uns 


Waal oe i as 
A’u, = Ungar 7 2Uzson + Ugen (th, son 2U, 4, + Uy), 


= tU,.s3, — BU, soy + 3U, 4» ceah) Bes 


Now suppose this law of the coefficients, which as far as 
we have gone is the same as that of an expanded binomial 
whose index is the order of the difference, to hold for the 
n* difference, so that 


A" Ug = 
Usenn ~ Pits, (n—iyn + Poy 4 (n—2)n 7 208 FF Pitegn © Uso 
1 2 
then A”*!u, = , 
Uy 4 (n+1)h vy PiU, +nh F Pats. nah af ROCA AE Pi4%,+9n + Uren ; 
ae ae — Pi; 4. (n—1)h pee oe Pet, + on, F PiU, sn a Uz) 
=U 


e4(neajn 7 (hE Dy) Ue enn + (Py + Pa) Ue4(n—Ih — 25 


+ (1 + pi) U, 44 F Uns 
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which is the same alteration with regard to the coefficients as 
occurs in passing from (z —1)" to(x—1)"t!. If therefore, 
for any value of 2 supposed a positive integer, the coefficients 
of the expansions of A”w, and (x — 1)” are the same, they will 
always be the same; but these coefficients are identical yes 
m=1, 2, 3; therefore they are always the same ; 


n(n—1) 
e n — 
» AU, =U, 4 np op te oe (neh Te ou Uy + (n—2)h — °° 


FNU,., HUe3 


or, supposing h = 1, 


n(n — 1) 
A*u, = Usan ee MUsin—3 + Grp vour ee anh—? — ec i NU y+ + Wy 


Ozs. For the sake of being easily remembered, this 
result may be written 


aa (wu, ier 1)"; 


where, instead of the powers of uw, from » to 0, the » +1 
descending values U,1.5 Uran—19 «+» Ur15 UW, are to be written. 


19. If in the series just investigated, we assign a par- 
ticular value to w,, we shall readily obtain an expression for 
its »™ difference. Thus let zw, =”, 


n(n—1 
. A"(a”") =(a@+n)"—n(a+n—1)"+ HOD (w+ n—2)"-&e, 
in which equation, if 2 >m, since the former member vanishes, 
the second member is zero for every value of v; and if m=n, 
mo that A*a" = 1.2.3... m we get 


n(n—1) 


v+n—2)y—&e.; 
Liew. ( ) 


1.2.3...m=(v+n)"-—n(@%t+n—1)*+ 


and making # = 0, since the equation holds for all values of a, 


Ae ee 2" 


1.2.3...n=n"—-n(n—- 


2 
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20. If «=0, and Ao" denote the particular value of 


A*«” when «= 0, we have 


n(n —1) 


A’0" =n™ —n(n — 1)" 4+ as 


(m — 2)" — &e. 


Of the numbers comprised in the form A’0”, we shall 
make considerable use in future investigations; whenever 
m>m the value is zero, in other cases it may be computed 
by the above formula; thus, 


iN Omerls 
A°0? = 2 A?0° <a 6, A*0+ Ae 14, raf 
AP 0? = 0,0 NO? = 30s NEO 10 


21. Reversing the order of the series in Art. 18, we 


find 


n(n—1 
i 1)” A" U, = Uy — NUz4) + mee Up+9 — soe H Urpin: 


Also putting w,=", and then supposing m=n, x=1, 

we find successively, 
n(n—1 | 
(-1)” A” a” =0"—n (v+1)" + Be (v7+2)™ a + (e+n)”, 


n(n—1 
(-1)"1.2.3..n=a"—n(v+1)"4+ Be a (v7+2)"—...£(@4+n)", 


n(n —1) of 


(-1)"1.2.3..2=1"-—n. 2” att Pe 


—... £(m +1)". 


22. Hence it may be proved that 1.2.3... (p-1)4+1 
is divisible by p, if p be a prime number. 


Let u,=a"-1; 


1] 


gay (a” —1) = Ll. 223.10 = (a +n)*= 1—n}(w+n—-1)"- 1} 


Let v=1, and n+1=p, then © +n=>p, and 
1.2.3...(p—1) +1 = p"-(p—1)§(p—1)?7'-1} 


a) oe) 


ied (pp — 2)?-' -1} -— &e. 


Now by Fermat’s Theorem every term of the second 
member is divisible by p when p is a prime number; con- 
sequently 1.2.3...(p—1) +1 is divisible by p. 


23. To express wu, inn DY U&, and its first » differences. 


| We take hk instead of unity for the increment of the 
principle variable, the investigation being precisely the same 
on either supposition. 


Uren =Uet AUg, 

Ub, 9, = Ue t+ AU, +A (u,+AUu,) =U,+2Au,+ A*u,, 

Us, 3, =U, + 2AU,+ A?u,+A(u,+2Au, + A*u,) 
=U,+3AUu,+3 A?u,+ A®u,. 


Now suppose this law of coefficients, which as far as we 
have gone is the same as that of an expanded binomial, 
whose index is the number of increments which the principal 
variable has received, to hold for m increments, so that 


Wrenn = Unt Pp AUgt PoA?U,+...+ pA” uU,+A"Uzs 
then Us scnaiyn = Vet PAU t pod? Uy +t 2 + Di Noe Nee 
+ A(Upt+ pi AUgt o.. + pA” *u+ p,A*'u,+ A” u,) 
=U, + (14+ p)) At, + (pi + po) A°Ue +... 
+ (po+py) A"! + (p, + 1) A"u, + Atte, 
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which is the same alteration with regard to the coefficients 
as occurs in passing from (1+ 2)” to (1+3)"*?. 


Hence if the coefficients of the expansions of w,,,,, and 
(1 + x)" are the same for any value of m, supposed a positive 
integer, they will always be the same; but they are identical 
when 2 = 1,.2, 3; therefore they are always the same ; 


nin—tl 
u =U,+NAU,+ aS 


2 n—-1 n 
2+nh 1 9 Un +oee t+ NMA Uz+t Uns 


or, supposing h = 1, 


m(n—1) .. F 
teen = te 14,4 PD ie 4 0 +n" u,+A Uy 
Ozs. This result in order to be more easily remembered 
may be written 
Urrn = (1+ A)’ Us, 


each term of the development of (1+ A)” being understood 
to be prefixed to w,. 


24. Let w,=2", then u,,,=(#+)"; 
(v7 +n)" = (1 + A)’ 2", 
and making #»=0, m™=(1 + A)’0", 


each term of the development of (1+ A)” being prefixed, 
as said above, to #” and 0”, respectively. By the latter for- 
mula any power of a number is expressed by the numbers 
comprised in the form Ao”. 


25. To deduce Taylor’s Theorem from the formula 


nm (n — 1) 


A’u, + &e. 
eae 


Uys nn = Us +N AU, + 


Let mh=t, and let hf be infinitely diminished whilst ¢ 
remains finite; therefore m is infinitely increased; and since 
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h is indefinitely diminished, we have, regarding the differ- 
ential coefficient as the limit of the ratio of the simultaneous 
increments of the function and the variable, 


set = d,U;z, 
pat 4 xv 
arn de (TP) = ates &e 


Hence, preparing the formula as follows, 
Au, nh(nh—h) A*u, 
ca. i iene aah 2h: 
and taking the limit of both sides by supposing h to be 
infinitely diminished and m infinitely increased, their product 
always remaining equal to a finite magnitude ¢, we get 


+ &c. 


i 
Unyt = Uz +td,U, + ae d2u, + &c. 


The Differential Calculus is a particular case of that 
of Finite Differences; and the above investigation is intro- 
duced to shew how, from results in Finite Differences ob- 
tained with an indeterminate increment for the principal 
variable, we may pass to the corresponding results in the 
Differential Calculus. 


26. The theorems of Arts. 18 and 23 have been proved 
by an inductive process; they may also be established by 
the theory of Generating Functions, the principles of which 
we shall now proceed to explain; as it is a theory which, for 
its generality and power, especially merits our attention. 


Generating Functions. 


27. Let p(t) be a function of ¢ susceptible of the de- 
velopment 
p(t) = wee T UAGt + Uo of Ut + ses 
tie ben cl Uaeshet 6.3 


then wz, may evidently represent any function of # whatever, 
if we regard this equation as the definition of @(¢). The 
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function @(¢) consequently by its development generates the 
coefficients %, %,,...%, annexed to their proper powers of ¢, 
and is therefore called the Generating Function of w,, and 
is denoted by Gu,, so that 


p(t) = Gu,. 


Thus since 


ines 
log (Q-4) 7 =¢4+ $F 4+$F+...4—0 4... 


1 
log CB) eae 
Similarly, since r 
¢(1—2) 7 =¢4+2P4+8F +...4+ "07 +... 
¢(1-7)"= Ge. 


28. ‘To determine the generating functions of w,,, and 
A*u, from that of w,. 


Let P(t) = Gu,, 
‘ then @(¢) = soe t Up + Unie toc + Usuat meee 
*. E"D(L) = 00. HU tH Ungil +... + Usent? +... 
~ £"D(t) = Guar ny . OF E "Gu, = Guy, n- 
Again, t’@(t) =... + Unt Ung il + oon + Upint® + 0. 
. ’P() = Gu,_,, or “Gu, = Guy,_,. 


Hence it follows that the generating function of 


‘ ] 
Atbg OY Uzy;—Uyz 18 (5 - 1) p(t), 


for this function being developed will produce the difference of 
two series whose general terms are respectively w,,,é* and w,f; 


15 
1 
= GtN4,) = & - 1) Guy. 


Similarly, 


G (A?u,) = (; ~ 1) G (Awe) = (- ~ 1) Gu,, 


and G(A",) = (- - 1) Gu,. 
Also 


n 1 n 
A .2,).= (- _ 1) GUr-n = (- _ 1) “Gu,=-f)"Gu,. 


29. To investigate the expression for A’, in terms of 
Urano Urtn—1, &C., by Generating Functions. 


1 R 
G(A”u,) 2S (; aes 1) Gu, 


nm(n—1 
=t-*"Gu,—nt-"*'Gu, + ae? t-"t? Gu, — &e. 
n(n—1 
=> Gers — NGUsin-1 “te Ae siiay ook er &c. 
n(n—1 
=G (Tee. — NU g4n-1 + ees Uztn-2 — &c.) 
m (n — 1) 


oe A” u, = Usan — NUeyn-1 + Uy+n—2 — &e. : 


I Be 


for, the generating functions of both being the same, the co- 
efficients of ¢° in their developments must be identical, however 
those developments have been effected. 
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30. ‘To investigate the expression for w,,, in terms of w, 
and its first differences, by Generating Functions. 


Giu5.,—t *Gu, 
1 n 
={i + (5- :)| Gu, 


1 —] ‘| ° 
Me ne, (F=1) ee) es) Gio 
t 1.2 t 


— 1 
= Gu,+nG(Au,) + eae G (A*’u,) + &e. 


= 
a Au, + &e.) 3 


n 
=G(u,+nAu,+ 5 


n(n— 1 
sy Tin hee ai oe a A’*u, + &e. 


31. It is obvious that by transforming the expressions 
1 n 
(F-1) Gu, and Gu, 


in different ways, we may obtain various other expressions 
for A”u, and w,,, besides the above. 


Thus to express. A", in terms of A*u,_,, A*tt,-,-75 
&c., we have 


— §1-(- Ai" 


= (1 -2)"Gu,+n(1 -?t)"*'Gu, 


G(A"u,) ae (7 Pr 1) Gu, 


n(n +1) 


= (1-t)"*? Gu, + &e. 
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= G(A"u,_,) + 2G (A Uyen-1) 
n(n +1) 

1:2 
=G YAN ee ae | 


G UR isco) + &ce. 


Pa Seid) prota a6 &c} 3 


n(n + 1) 


Dyes mh WANG ey ab ae 


DN te Se tC 


32. Again, to express w,,, in terms of U,, Au,_,, 
A’u,_2,, &c., we must transform ¢~” into a series of powers 


1 A 
Pine” (5 ~ 1) , or develope ¢~” in powers of « from the 


1 ; -) 
-_-= & = 
; + G . 


which may be done by Lagrange’s Theorem; and we find 
n(n + 27-1) 
ERE 


equation 


2 
Uns = Up + NAUg g + NF go0¢ 


n(wm+3r—1)(n+3r-2 


(Herschel’s Examples). 


Ozs. This method is obviously not confined to the 
function w,,; —,3 it is equally applicable to any other com- 
bination of the successive values U,,; Upyj5 Uzis, &C., of the 
first degree. If we take Au, to mean Aty,. + bUtp,, + CUys 
then the generating functions of Aw, and A*u, will evidently 


be 


"ads Cara : 
(5 +5 +e) Guz; (S+5+e) Guy, 


and the expression for A"w, in terms of ~, and its successive 
values, might be obtained as in the preceding case. 
3 
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Separation of the Symbols of Operation fromm those of Quantity. 


33. We have seen (Art. 23) in the formula 
Uren = @! aj A)* uz 


an instance of the system of notation, which consists in sepa- 
rating the symbols of operation from those of quantity; the 
use of which is not confined to simple cases like that just 
noticed, but may be extended with remarkable effect to a 
great variety of investigations connected with this subject. 


If the expression (1+ A)’, regarded as a function of a 
certain symbol A, be expanded in powers of A, it will pro- 
duce the series, 


nm(n—1 
f ) tatecek 


1 Pay ie 
2 

and if the symbol A be looked upon merely as an instrument 
by means of which we are enabled to produce the numerical 
coefficients of the series affected with their proper powers 
of A, then the expression (1 + A)" must be considered as 
having no other meaning than as an abbreviated expression 
for its development; and when prefixed to the function x,, 
each term of this development is understood to be applied 
separately to that function; so that the following expressions, 


(1+ A)"u,, 
(m — 1) 
2g 


(l+nA +— Pe hy Ty 


U, +N AU, + Ath, + vey 


n(n —1) 
132 


may be used indifferently for one another, the two former 
being regarded merely as abbreviations of the latter. 


34. In general, if F(A) be a function of A capable of 


being developed in a series of powers of A, such as 


AA*+ BA’ + &e.; then for AA*u, + BASU, + &e. 


£9 


the expression /' (A) w, is used as an abbreviation; and the 
same notation is applicable to other characteristic letters, such 
as dss ee us pie ke. 


Hence also, the successive performance of two or more 
series of operations represented by F(A), F(A), &c. upon 
the same function w,, is equivalent to the performance of 
that series of operations which is represented by their product. 


For’ example, we have seen that 
A (4,0,) = Athy. Vy+ UzAVe4) = (A + AV) Uy0e5 


supposing A to affect «, only, and using Av for an operation 
affecting v, only, such that (Av)'v, = A'V,4,3 


then A?(w,v,) = (A + Av) A (u,0,) = (A + Av)?u,v,3 
and, generally, 
A" (uz02) = (A + Av) "te, 


n 3 n-1 As (1 mY 1) n—2 2 
=A"u,.0,+nA Uz AVey, + —— A Uz? Vang + &C. 
which may be also proved inductively by shewing, as in 


Art. 18, that the coefficients of the developments of A” (w,v,) 
and (1+ )”, which are identical when 2 =1, undergo the 
same changes in passing from ” to n +1. 


Using an accent not to imply that the operation denoted by 
A is altered at all, but merely that A’ affects v, only, whilst 
A affects u, only, the above results are sometimes written, 


A (2%,v,) = (A + A’ J AQ’) UzV a, 
A? (u,v2) = (A + A’ + AA’) u,2,, 
and, generally, A*(u,v,) = (A +A’ + AD’) u,v,3 


or, if there were more functions w,, %,, &c. and we use 
A”, A’, &c. to imply that these symbols only affect w,, x,, Ke. 
respectively, we have 


A®* (hg Uz Wz oe) 


={(1+ AVU+A)AF+A)H4+ A")... - 12" 4,0, Wry oe 
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35. To shew that A"w, = (e* — 1)"u,, in which the sym- 
bols of operation are separated from those of quantity. 
By Taylor’s Theorem, we have 


n? 
2 
Usan =U, + Nd,U, + ere du, + Kc., 


and separating the symbols of operation from those of quan- 
tity, we get 


2 
nd nde 


Unsn = (1 + nd, + — + + &e.) wu" 
ern = ( Rin Vigo Op gee ) 
= ey, . 
Similarly, w,,,-,= "9% u,, 
Uney 2 e Uy > 
n(n—1) 
a d — —2jid 
AU, = Cr Up — nee ot Mechta git 94 May — &e., 


or, again separating the symbols of operation from those of 
quantity, 


n(n —1) 


A's = (€%= — nee 4 7 


eds &e.) u, 
= (e% —1)"u,, 
a celebrated theorem first given by Lagrange. 


36. To find a general expression for A’u, in terms of 
w, and its differential coefficients. 


The development of the second member of the equation 


A’u, = (e* — 1)"", 
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will consist of a series of terms of the form 
(A, + 4A,d, +... + And: + ...) Uses 
On 7 A,u. + Aidt, ti... + Ae d, Ua ese 


and 4, is evidently the coefficient of ¢" in the expansion 


of (e'— 1)”. 


Now (e! — 1)" = e@ — ne®-9# + Aces) CRO Sa ecr 
1 <2 


and the coefficients of ¢” in the developments of e”, e”~, &c. 
are respectively 


os eased NG RCo: 
[me [me 
i m m n(n — 1) m 
- sales —n(n—1) Saar pe fis aaa) — &c.} 
FAD ye 
= im (Art. 20). 
tao 


Now so long as m <7, this vanishes ; and when n =m, 


"(0)" = | 2 ; 
‘ ah og? t+} Arort? 
Ata, = de uu, + [nti det'u, + in is ae? 165 + Sc. 


Ex. Let -w,=a", then 
A" (a) = m(m—1)...(m—=n +1) a" 
At08t2 
ei el ce 


37. If in Lagrange’s Theorem for A’w,, m = 1, we have 
Au, = (e*—1)u,, or A=e*—1, the meaning of which is, 
that the operation denoted by A is equivalent to the series 
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of operations denoted by e**—1. And, generally, the series 
of operations denoted by f(A) is equivalent to that denoted 
by f(e*—1). For let f(A) be developed in a series of the 


form 


f(A) = AA 4 BAS + CAY + &e, 
then f(A) u,= AAtu, + BAfu, + CAYu, + &e. 
= A(e*—1)*u, + B(e*—1)u,+C(e*—1)¥u,+ &e., 
ar separating the symbols of operation from those of quantity, 
f(A) u, = {A (e% — 1)% + B(e*% — 1)8 + C (e* — 1)7+ &e.} we, 
= f (e% — 1) u,. 
38. Suppose f(A) = (1 +A)’, 
then f(e*—1) =(1+ e —1)*=e™%; 
(1 + A)"u, = €"*U, = Uzany as already proved. 
Again, if f(A) = {log(1+A)}’, | 
f (= 1) = flog (1 + e% = 1)}? = (log o*)" = ds 
flog (1 + A)}" tty = a tts, 


a formula by which the mn” differential coefficient of a function 
is expressed by its differences. 


39. To find the general term of the expansion of f (e') 


in a series ascending by powers Olere 


Writing f(e) in the form f {1 + (e'—1)}, and expand- 
ing by Taylor’s Theorem, we find 


fe) =£0) + £0) C= 1) + SP" E- 18+... 


+ FPO) Et ae 
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Then taking, as in Art. 36, the coefficient of #” in each 
term of the second tos. and observing that in f(1) it may 


f()-0 


be represented by [ma , this quantity being 1 when m=0, 


and zero in all other cases; and that in 


A"O gat 


fo 


we have for the coefficient of ¢” in the expansion of f(e'), the 
value 


a FOC) (= 1)" it is cae 


: m / m 56 Hy 2 qm 
fin = yg A1).9 + f'(1) Ao" + ase (1) A?0"+....$ 


=a f G+ Aor 


a remarkable theorem first given by Herschel; for the applica- 
tions of which, see his Collection of Examples. 
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SECTION II. 


INVERSE METHOD OF DIFFERENCES. 


Integration of Explicit Functions. 


40. Tue Inverse Method of Differences has for its object 
to determine the primitive function from its given difference ; 
or from given relations between it and its differences. We 
shall begin with the simplest case, 


Au, = f (2); 


in which it is required to determine a function whose differ- 
ence is given explicitly in terms of the principal variable. 


41. Since Aw, is the difference of wz, + C, as well as of 
u,, it will be necessary, in passing from the given difference 
Au, to the primitive function, to annex an arbitrary constant 
C, in order to give the result all the generality of which it 
is capable. Also C may be a function of w as well as an 
arbitrary constant, provided its value remains unaltered whilst 
xv changes to 7 +1. For if C, denote such a function of # 
that C,,,;= C,, or AC,=0, we shall have 


A (tt, + C;) ae A u,. 


It is evident that C,= (27a) has the property in 
question, @ denoting any trigonometrical function, sine, co- 
sine, &c., and A any integer. 


42. The symbol = is used to denote the operation by 
which we pass from the difference Aw, to the primitive 
function; so that 


= (Au,) = u&, + constant. 
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Also, as the same function admits of successive differ- 
ences, so a function may be integrated any number of times ; 
the second integral of u,, or = (Sw,), is written >’w,, and 
the n™ integral >" u,. 


We now proceed to deduce the integrals of various ex- 
pressions ; chiefly, by reversing the processes given in Section 
I. for finding the differences of functions. 


43. Itis evident that = (u,+v,+ Wz) = DU,+ DV~t+ DW 
for if we take the difference of both sides, we get the same 
result, viz. uw, +v,+w,. And in the same manner it appears 


that > (au,) =adu,. 


44. To find the integral of any rational integral function. 


Since the difference of a rational integral function is a 
function of the same kind one dimension lower, it follows 
that the integral of a function of that description is a similar 
function one dimension higher; hence, to find the integral of 


Py” + Py e"~* + PU? + ee +H PnP + Ps 
we may assume it equal to 
aa"t! + ba + ... + ka +l; 


then upon taking the difference of each side, and equating 
the coefficients of like powers of x, there will arise m +1 
simple equations to determine the 2 +1 quantities a, b, c,...k; 
the last term 7 will remain indeterminate, being in fact the 
arbitrary constant which must be added to make the integral 
complete. 


ix. Lo find’ > (a7 +1). 
Assume S(a*+ 1) = aa’ + ba‘ + ca’®+ dv’ + er; 
“. w&+1=a(5at+ 100° +1007 + Sat 1) + b(4a° +62 + 4041) 


+c(3a°4+3e4+1)+d(@v+1) +e; 
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- 1=5a, 0=10a+4b, 0=100+6b+3c, 0=5a+4b+4+3c+4+2d, 


l=a+b+c+d+e. 


Oe ap OO 
(a+ 1)=---4+-4+—740C. 
5 vi oO 30 


45. To find the integral of the product of consecutive 
terms of an arithmetic progression, we must annex one more 
factor at the beginning, and divide by the number of factors 
so increased and by the common difference. 


For let w,= a+ ba, then we have seen, (Art. 11.) that 


Ng th gs S Ugg = Ugaiiy epics Up It) Os 


therefore, taking the integrals of both sides, and writing #—1 
for w, we get 


Up_\ Uy vee Untn-1 
Ug Ura) coe Uyan—-} 7) A) bee 


+ C, 


which proves the rule stated above. 


] o ] ‘4 9 
=; (27-5) (2045) (20 +2) (20+) +0. 
8 2 4 2 2 


If one or more factors be deficient in a factorial of this 
kind, it may be resolved into others which are complete, as 
in the following instance ; 


(Qu +1) (2H +5) (2@+7) = (20+ 3-2) (Qu +5) (2747). 


= (24 + 3) (2a + 5) (2"4+7)-2 (2x +5) (2a +7). 
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46. A rational integral function may often be resolved 
into factorials of the above form, and in this way its integral 
more conveniently found, than by the method of Art. 44. 


Ex. 1. a +a’? =a? (e# +1) = (w-14+1)¢(@ +1) 
=(#@-1)¢(7+1) +(e +1); 


(Cert yaaaa (@ eases 1) v4 (v7 — MO 


And in general, any quantity of the form 
an" + ba"—' + ca®-*? + &e. 


may be resolved into factorials, by the method of indetermi- 
nate coefficients; thus, if we assume 


aa’ +bea+c=A(eat1) (a +2)+ B(wt+i1)+C, 


making «= —1, we get a—b+c=C; 


a(a@’ —1)+b(e@+1)=A(~+1) (+2) + Bw I), 
or a(w~—-1)+0=A(v+2)4+B; 
make w=-—2, * —3a+b=B; 
a(@-1)+3a=A(ev+2), «©. A=a. 


In practice, however, it is generally easier to resolve a 
function by inspection, as in Ex. 1, than by this method, 
which is theoretically certain. 


47. To find the integral of a fraction whose denominator 
is the product of consecutive terms of an arithmetic progres- 
sion, and numerator constant, we must efface the last factor, 
divide by the number of factors remaining and by the common 
difference, and prefix a negative sign. 
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For let u,=a+ba, then we have seen (Art. 12.) that 


Cc nbe 
SS J 
Uy Urey eee Unin—i Uy Ug) ooe Ugin 


., taking the integrals of both sides, 
c c 


3—_____ -- _______ 46, 


Ugilgig in-eMlgts NOAA gigs Nees Ugen—) 
which proves the rule just stated. 
48. If the proposed fraction, instead of having its nu- 
merator constant, be | 


APB Or enh oe 


U,, Uns ooo Uren—1 


> 


(the degree of the numerator being at least lower by two units 
than that of the denominator,) we must reduce the numerator 
to a series of terms each of which is the product of consecutive 
factors reckoning from the beginning of the denominator ; that 


is, assume 
Ag? 4 Boss | Kae + Laid + BuO ue 
, 
+ K Ug Uy+1 eee Usrin—-39 


then, developing the second member, and equating coefficients 
of like powers of w, we obtain m —1 equations for determining 
A’, B’, C’, ... K’; and the fraction resolves itself into the fol- 
lowing, each of which is integrable, 


A’ B’ K’ 
————__— + ——————__ + &&¢, + ———_______ , 
Uy eee Ussn—1 Us+1 eee Ur+n-1 Uzten—2 ° Ursn-1 


If the degree of the numerator were only lower by one 


unit than that of the denominator, we should arrive at a term 
/ 


i of which we are able to find the integral, only ap- 
proximately. 
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Hence also, if any of the factors of the denominator of the 
fraction in Art. 47 be wanting, they may be supplied by in- 
troducing them into the numerator and denominator at the 
same time; and then the resulting fraction may be treated 
as in the present Article. 


Ex. et _ @-1)a@+)1) 
a —4 (e@— 2)... (x@ + 2) 
a 1 3 6 
~ (@+1)(@+2) | w(w4l)(@4+2)* (@—-1l (+1) (w+) 
6 
oa 


(@ — 2) (a —1) a(w +1) (#+2)’ 
which is got by assuming 
(v—-1) w (w+1) =a(a—2) (a@-1) & +b (a@—-2) (w-1) + (w-2) +d, 


and making #=2, 1, 0, successively; taking care to reject 
the factor common to both sides, after each substitution. 


49. To find the integral of a’. 


We have seen (Art. 14.) that Aa” = (a —1)a’; 


a" a 
Ae Ces cae 
ine eat ae (ca) 


suppressing the part introduced by the constants, which would 
be a rational integral function of the (7 — 1)" degree. 


-. a a 


a 


50. To find the integral of log v,. 
If u, = log (v, 0,03... Us-1)> 
then Aw, = log (v, 02... v,) — log (v, 02... 2-1) = log v, ; 
“. & log v, =u, + log C = log (C.v,v,...0,_;) = log CPv,_), 


using Pv, to denote the product of all the successive values of 
the function v,, from some fixed term v,, (or more generally 
v,, 2 being independent of #) to v, inclusive. 
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51. To find the integrals of cos vO, sin v6. 


. e 0 . 
Since A cosvO =-— 2sin ~ sin (a + 4) 0, 
Z 
- Ue 
. Acos(# — 3) 0 =— 2sin 5 sin vO; 
. > sin) =— 


Also, since 


A’ sin (v@ +a) = (2 sin 4 * sin swO+at > (r+6)}, (Art. 16.), 


integrating both sides 7 times, and replacing a by a—- A (1+6), 
we get 


n 
sin a0 +a —- 3 (7 +6)} 
(ssn) 

2 sin — 

2 


: sale 
Again, Asinw@= 2sin— cos (w + 4) @, 


>" sin (79 + a) = 


. 7 0 


sin (w — 4) 0 " 


2“. DScosv#d = 
2 sin — 
oY 


Cos {v0 +a-~ (r+ 6)} 


( ; s) n 
2 sin — 
a 


and "cos (v0 + a) = 
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52. The preceding expressions may also be integrated by 
substituting for them their exponential values; as in the 
following instance. 


Ya’ cos #0 = 4 > (a7er9V-1 + a7e—*9N=1) 


es a — a(ev= +e 9N) +1 


mes gf bs. 
_ ge Uo08 (@ ye ESCA gh 


a? —~ 2a cos@+1 


Hence, putting a? - 2a cos@ +1=c, and denoting 
a* cos#@ by u,, we have clu, = au,_;— Us; 
Cy u, = aso — 20 Uz_y + Uses 


and generally, 


n(n—1) Naan 


G6, .—-NG "then + ae 


Exactly the same formule hold for w,=a* sin #0. 


In the same manner the integrals of a (sin #6)", 
a* (cos #8)” may be obtained. 


1 


Dba. Lo find the integral of cos 70 cos(@+1)0° 


sin 0 
Si fan 29 = ——_—__————— Art. 17. 
pee - A Fanee cos 2 cos (vx + 1) 0” ( ™) 
1 tan v0 


we have > ————_____. = —__— 
cosv@cos(w+1)@  siné 
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54. To find the integral of tan~'__—_—_—_.. 
prtqrt+re 


b 


—_—____—____—.., (Art. 17. 
1+(a+ba)(a+ba+b)’ Ces 


Since Atan“'(a+bx)=tan“! 


we may assume > tan~’ = tan-'(a + 62), 


prqutra’ 


and take the difference of both sides; then if the proposed 
function is capable of being integrated, the indeterminate 
coefficients a@ and 6b will become known. . 


55. The integral of a72,U,41---Uern—19 Where U,=pa"+q, 
may be determined by assuming it equal to the same ex- 
pression (only with another factor at the beginning instead of 
a”) multiplied by an indeterminate coefficient ; for 


AUz-\U,z vee Ungniy = UgUay1 e+ Urgn-1 (Uren Poa Uy-1) 
a ke 
= Ug ligy) <> Upinni-P (2 — Gas 


a 


Unin—1 => ever net. ay ~U,_-\U eee U —_—]°* 
+1 & v+n—1 
p (a"** — 1) 


PHI ae Tope 


4 a” i 
Similarly, to find {———_——__, for the assumption 
Upligy1 s+ Unin 


we must efface the last factor in the denominator, and write 


instead of a” an indeterminate coefficient ; for 


aN 1 Unin — Ug pa (a” oh 1) 
——_ = PO 8 :'”—_000 0 0 OO SSS ST 3 
UpgUg+1 eee Uptn—-1 Up,Un41 eee Unsn Uz,U 41 eee Un+n 
> a” 1 1 
Uggs y 20st gain p (GQ —1) Ugllyyy 00s Ugsn-1 
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56. In like manner, if w,=a+ 6, expressions of the 
forms 
(p+qa)? (p+qev+ ray? 


4 ETT Ee id OES. ’ 
Uz Uz+| a0. @ Untn—1 Uy Ugn+) oo Ugin—y 


can sometimes be integrated, by assuming their integrals equal 
_ to expressions of the same form, except that the last factor in 
the denominator is effaced, and the polynomial in the nu- 
merator is replaced by another one dimension lower with 
indeterminate coefficients. It is of course only when a certain 
equation of condition between the quantities a, b, p, q, ¢ is 
satisfied, that this method succeeds. 


1 \e 
Ex. 1. Let nn ace Ae 
(Qa —1) (Q@%+1)3" 2a-1 
Bae fal = 4(3)( eh es 
(2@ —1) (274 1)3? + Q@+1 2-1 
= A(4)*} —4(@+U) : 
2 (2a —1) (2@+4+1)’ 
1 
A=- 3 and Su,= C — 2 ————_. 
ae “ (2a -1) 3’ 
a” + 6x + 12 A+ Be 


Ex. on Let 5, ae es ae, pO Se 
aw (a +1) (@ +2)2" a (w+1)2"" 
e+3 


then 4=-—6, B=-2, and Su,=C- iG 
wv (@ + 1) 2” 


57. Since A (u,v,) = U,Av, + Ve, AUz, we have 
DS (U4, N8,) =U,0, — 2 (0,7 B4,), 


the formula for integration by parts, corresponding to the 
formula 


f,ud,v = uv — fvd,u. 


58. Change v, into Yv,, and consequently Av, into v,, 


then 2 (u,0,) = u, 20, — D (AU, 20943) 3 
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hence, by successive substitutions, we get 
2 (Au, Onsen) a Au, Pay Meare — > (A°u, tetas 
> (A*u, 270,42) = A?u, D0, 49 — & (APU, 20, 45)> 


S (Are 6, 25! = A*4, ser! Vstn— L(A’*!u, ts OA: 
Ap? (2,V,) i Uz QV, vt A Ug dl Dy 4) out Bea Vr+2 
Poe NUS a ar p2 (ANP 3? ‘Opt aye 


Ozs. In order to be more easily remembered, this for- 
mula may be written 
> (U,0,) = (VE ASV) aa, he. 
where A affects uw, only, and =v affects Xv, only, and implies 
an operation such that 
(2v)’ Vs = oy Daa 
Hence, 
>? (u,v,) = (1 + Adv) = (u,Zv,) = (1 + Adv) -*u, 20,5 
and, generally, 
S (u,0,) = (1+ AD0)-"u,B"v, = U,S'v, — MAUS gy 
n(n + 1) 
1572 
which may be also.proved inductively, by shewing that the 
coefficients of the developments of &"(w,v,) and (1+ 3%)7~", 
which are identical when. 2 = 1, undergo the same changes in 


passing from m to m-—1. This appears by differencing both 
sides of (1). 


A®u, 2°T "045 &e-5 (1) 


59. The above formula always enables us to find the 
integrals of functions made up of two factors, one of which 
leads to zero, as the value of one of its successive differences, 
and the other admits of successive integrations. Suppose, 
for example, that w, is a rational integral function of the 
mn degree, and that v,= a"; then 


a” a® +1 


20, = LY ve41 => SS 
‘ ee e+ (a—1)°’ 


&c.; A*u;=const, A" 20, 
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walt, Udupatih: Atusa "3 A*u,a*t" 


on > Ua" =>— s+ —— ee Voge Gee Ce 
(40°) a-1 (a@-—-1)? (a — 1)’ (a—1*)* 


Again, suppose uw, to be a rational integral function of 
the »' degree, and v,=cos #@; then 


cos {20 ~~ (m + 6) 


20, = r - (Art. 51.) - 
(2 sin =) 
ye 
> ek el fa 
> (wu, cos v8) = Uy COs ALO — 3 (m7 + 8)§ 


2 sin — 
oO 


~ 


cos { (+1) -(w +6)} 


Sy EG Eh: 


Q\? Gxe 
(2 sin 5) (2 sin zs} 
Q 2 / 


— &c., 


—- Au, 


the series terminating with A’w,. Similarly, if v, = a* cos #9; 
or if v, = a" cos” #@ sin” 2@, since the product cos” #@ sin” #@ 
may be replaced by simple dimensions of sines and cosines of 
multiples of #@; and it will be noticed that the fraction of 
Art. 48 may be brought under this case. 


60. Since the performance of the operation = upon any 
series of terms AA”u, + BA’u, +..., reduces it to 


AA ie BAe. 3 


it appears that prefixing = to }4A"+ BA" + ...$u, has the 
same effect as prefixing A~'; in other words, = is equivalent 
to A~'. And in lke manner, since integrating A” w, n times, 
reduces it to A”~"w,, &” must be equivalent to A~”. 


The same reasoning is applicable to the symbols /”, d>"; 
whenever therefore, in separating the symbols of operation 
from those of quantity, as in the expression F(A) w,, f(d,)u,, 
terms containing ‘negative powers of A and d, occur, they 
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must be understood to be replaced by the corresponding 
positive powers of = and f,. This being premised, we pro- 
ceed to investigate a general series for Sw,; preparatory to 


which the following propositions must be proved. 


61. To determine the generating functions of 


n n n 
> Us, 3 a. U,. = x Uy >) 


from that of 2,. 


By virtue of the relations 


] 
GUA (- ke 1) Cus 


] n 
1 
wekhave (- ce 1) G (Suz) = G(AZU,) = Guy; 
al 


1 
G (=u,) = (- - 1} Gu, 


1 aa ae 
and G CCIE NS (; = 1) Gu,. 


62. Again, since 


eth 
1 
+ (U,, , — Ue) t + = (5-1) Gu, 
h? 
= {1 -hlogt+- 5 (log #)’ — &e. — 1$ Gtz3 


therefore, dividing both sides by h and then making h = 0, 
which we are at liberty to do since h is indeterminate, 


i 


u —U, ] 
a fen teh 4... =—-logtGu,= log = . GU, 
== 


I 
or... 4d) 42. = log =. Cir 


1 
G (d,U,) = log t , Gz; 


1 n 
and G(diw,) = (10g ) GU, 


: 1 
Again, log 7 G ([,u.) = G(d,f,u,) = Gu, ; 


ee 1\ = 
G (u,) = (10g -) Ca amana G ([i'u,) = (log =) “an 
63. To investigate a general series for 2w,, involving 
only f,w,, u,, and the differential coefficients of w,. 


es ; 1 2n 
+ (1? Ten (Iog | + reefs 


assuming, as will be proved in the next Art., that 


, can 
e-l 
be expanded in a series of the same form as that within 


brackets, and denoting by 


Oy A emt a fics, ae (--L)°4* co 
UNO. VBS 2 63 4 ; 


2n 
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the coefficients of v*, v‘, ... v in that expansion. Hence 


G (2u,) = G( fu.) - 4 Gu, 


zu,) — &e. 


B B. 
=GSfu,-4u, +e d,u, — — diu, + &e.}3 


is 


B B, 
. Su, = Lu, 1 dU, -~— du, 
Jn a mS |4 ale 
Boy) 
— | a+] n— 1 kil lay + me: 
+ (-1) [en : 


oh oa —~lams1lBme"? 
m+i1 
m(m—1) (m - 2) 
1 m—3 
7 é + &e. + C 
Dee 1.2.3 
i on Oa ae 
Hence Sat=— —-—4+—-—+C; 
iy 2 S$ 30 
a - 2 »5at 2»? 
Ser = — + —- —+4 
Gis 12 127 
1 
Ex, 2. Let w= 
a+ bea 
1 1 
ane a+ ba) —-——_————_— 
Eats bce A>” Seas 
Bib B,b* 


~ 2(a + ba)? EB A(a+bar)s whee 


—, = 


. 
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Numbers of Bernouilli. 


64. The numbers B,, B,,...which are required in the 
general value of Xw, in the preceding Art., are called the 
numbers of Bernouilli, and are of great importance in the 
theory of Series. They are defined by the equation 

Lives B; 


SPR pn Bese fe ee FA ce 
ae | 2 1.2 ieee 


Bsn 
ae (- Abas: =i . fe" + &e., 


and their values may be computed in the following manner. 


t ; 
The development of pee 3 can involve’ no odd powers of 
. t 
¢ above the first. For if @(¢) = pense have 
é =e 
ree te! 


p(-1)= 


et—-1 ¢@é-1 
“ oO) -o(-A=-#, and d’d(t) —d?p(-4) =9, 
or d; p(t) = dp(- 2). 


Hence, when the development is twice differentiated, it will 
not be altered by changing ¢# into (—¢), and therefore con- 
tains only even powers of ¢; therefore @(¢) can only contain 
one odd power of ¢ viz. the first. Also since 


t 1 
eal t Ee 


| nage A> 
Ae elie eo 


2 


+ &c¢. 


we may assume for @(¢) the form of development given 
above, viz. 


t B, B, BS 
= 1 Sa} t+ a. fF — — fi4 eee — | al pe de Re . 
2 .2 +02) |2n : 


eae oy 1 | 4 
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t log }1+(e'-1)$ 9 
ee Ad ete 1 oe ee 
e'—1 ‘et 1 2 ( )+3l ) 


1 
+ (e — 1)" = &e., 
2n+ 1 


and if A,,, be the coefficient of #?" in this development of the 
second member, 


1 (2n)’*-2n(2n—-1)'"4+... 


2 SS SSS = &C. 
2n+ 1 |2n 
aio J—L Ao" +4. A?0'"—- &e. + Pa Lhd 
2 : 2 2n +1 


all the terms after A®"0*” vanishing, since A”0°* is zero when 
m > 2n. 


Hence, 


I as A** Orr te 


Bs ats = (-1)"*?5- 5 Ao" 4+ + A’o" - dee rain 


By this formula B,, B;, B;, &c. may be readily com- 
puted, supposing the numbers comprised in the form A™0*” 
to be known; we find 
1 1 1 5 
9 Bg = i) i=in uly ee Dg ee : 
6 Mad SOME, TAS 30 aa? © 


aD 


65. Also, since 
| (m—1) 


ee 
A”0* = m*" — m(m— 1)" + Tha (m—2)”" — &c. (Art. 20.) 
we may, if we please, eliminate the numbers A”0” from the 
expression for B,,_,; and we find 


|2n 


=) Be — £4 4 (o" —2)— 4 (8 = 8) 94 3) bike) eee 
(1 Ba 1H B+ 5 C )-4( ) Q2n+1 


4) 


Besides serving to express the general value of Xwu,, the 
numbers of Bernouilli have various other uses, of which we 


shall now give one or two of the most remarkable 
66. To find the general terms of the expansions of 
cot @ and tan @ in powers of 0. 
20/1 


1 
cot 8 = a1 (Lape) = se ay as Lays POON ES mae 


Now the general term of the expansion of 


20/ — ie (Gs 1)"+1 Bass — n=! (20 ./ - 1)”, 


nee len 


Q2n B : 
“~— 2n-—1 
or ———— 9" 
[2 n 


the general term of the expansion of cot @ is 


gen poe i Qrr-! 
[27 


> 


1 9? 2 B. 
and cot9=-— — \ oe OS ec 
ied bi bee ee ee 


Also since tan @ = cot @ — 2 cot 20, 


the general term of the series for tan’@ is 


Sa Ba Oras eS x a” Boies ayy 
|2n 


re 2h Gia 
gen (27 ae 1) Bees gen-1 
> 


4.3 
tan. = -——— 8:0 +. 
te et tok seny” ee 


6 
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Hence, by differentiating the above expressions for cot 6 
and tan@, we may deduce the general terms of the expan- 
sions of cot?@ and tan?@; and by integrating them, the 
general terms of the expansions of log sin 0, log cos @. 


67. To find the sum of the series 


1 1 1 
yen ten > gin bo . (to ©), 


or the value of 19° — 
peaks 


ton ano ofh-2)}f- (2 (EY 


changing @ into 7@, we get 


wane coh CV} Of} 


therefore, differentiating the logarithm of each member, 


sortranet Oh cath 


But the coefficient of 6°"~’ in the expansion of 7 cot 74 is 


2 Bon 1 rset 
| 2m ar 


m4 


Oxzs. Calling S,, the sum of this series, we have 


Son (2m + 1) (Qn +2) By-, 


2 9 
Sone 4ar Bons 
Boi, 1 
Now suppose m very great, then B = —=> which 
2n—1 7 


proves the divergency of the series formed by the numbers 
of Bernouilli; these numbers increase very rapidly, beginning 
with B,,. 


68. To find the sum of the series 


] 1 
a 


17” gen 


1 
sty Fa) (ORCS) 5 


5en 


+- 


1 
(2a ite bya , 


2 2 2 
Since cos@= {)- 2 { _ (=) {1 _ (=) Ke 
ri 30 5a 
Le 
changing @ into pee get 
1 @ 0 i Q\* 0\* 
cos — = 1- (=) - (=) 1- (=| oes 
2 1 3 5 
therefore, differentiating the logarithm of each member, 


7 70 =| 0 ti =| itd ini 
= tan = = — 41 - (-) + {1 - (=) 
> 2 2 1 a” 3 


~ 


or the value of °.§” 
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and equating the coefficients of 6°"-! in each member, which 


are respectively, 


2n gen gen 4 1 
(2) 5, Dy nd, dg 


a ay ? Pag Waite Ta 
\2 Rt | oye (2a + 1)*° 
2 2 
we get ben fs HLL 0 =i cH Gries, 
$ Die ieee ak 4 
(2a + 1) Le oi c.sceoe 
1 1 1 12 8 ae ee ne 
Hence Siecle PCa =, 
3 ‘i ON) ee 8 
1 ] ] 
69 Also j2n gen gin en 
1 1 1 ] 1 1 1 
= ya t gat Gat oom (je t gmt ge toe 


gen So 4 | 1 gen—1 ore” 


es 1 a” B Gea! hs ag ee ee 
2 | 2m a eh ee |2n 
a (Boe at! 1) oe, 
[2% 
70. Since log (1 + e-*) =e"*-4e°-*% + 4e-* — &e,, 


integrating this 27 —1 times between the limits z = 0, x = 0, 
we find for result the series just summed ; 


Bony 


a1 _ 1) 7" B 
(f,?)"- log (1 +e7*) = aa cana 


71. To find an approximate value of 


I'(v7 +1)=1.2.8...%, when & is very large. 


Making wu, =logw in the formula 


B, 
Db, = fpr — FU, + a d,u, — &¢. 


45 
we find, (Art. 50.) adding log w to both sides, 


log $1.2.3...(w-—1) vw} =C+aloga—w-Lloga 
| aie ete | 
a 


= C+ (vx+4)logr—ax+log(1+h), 


B B B 
tting log (1 +h) =—— - —42. +——_.- 
CB eo (1) Li 2a Vstvawr 15 oa 


&c., 


so that A is a quantity continually approaching to zero as @ in- 
creases. 


Now to determine C, suppose # very large so that h may 
be neglected, and change 2 into 2a, then 


log (1.2.3...24) =C + (29 +44) log 2u - 2 
= C+ (2a + 4) (log x +log 2) -22, 
atid-log (2.4.6... 24) '= log (27.1 12.3 ..: @) 
= #log 2 +C+(v+4)logr—-a; 
“. log §1.3.5...(@2@-1)} =# loga+ (4+ 4) log2-a; 


1 le Se ea 
Be 163 15... (241) 


= C+4logx—4 loge 
= C+ log 2e - log2; 


2.4.6... (24) 


2 Gis uel? > 9 PS cesarean) 


— log 2a 


2.2.4.4.6.6...(2@ —2) 2a 


mp Ckiry 4. glignei GeMT(@a est) (2a 51) 


= log > by Wallis’s Theorem, 


since # is indefinitely large ; 


46 
., C =4 log Qa; 


“. log (1.2.3...0) =4 log 27 + (a +4) loga — w + log (1+ h) 


v 
é 


= log /2na + log (=) + log (1 +h) 


EG Mie oN aS, Sey a V axa.( =) .(1 +h), 


where h is to be calculated from the series 


Dian Bat Benet 
loge (i +h aa a eee I ed Ty A re 
08 ( ) 1) 22 a NS 4 eae ee : 
and in general it will suffice to take the first term only, 
which gives 
“ee weet 
1.2.3...@=/2re ate | W, 


Oxzs. ‘The preceding series, even for large values of a, 
becomes divergent after a certain number of terms; this will 


happen after » terms if 


eh Barts gy digo ee Dee a 
(2n + 1) (2 + 2) f “ent (2n —_ 1) on an) ? 


Bons p (22 + 1) (2m + 2) 2 


or 
beeen (2n — 1) 2n 


b) 


but the first member of this inequality never exceeds 


(2 + 1) (2n + 2) 


s CATR G72) 
4.qr° 


(2n —1)2n > 47°x?, or n> 7M. 


It can, however, be proved that an approximate value 
of the series will be obtained by taking the aggregate of 
the convergent terms only. 


SECTION III. 


EQUATIONS OF DIFFERENCES. 


72. WeE now come to the case in which the relation 
between the principal variable and any function of it is to 
be determined by means of an equation between wv, w,, and 
one or more of the successive values, or differences, of w, ; 
that is, from equations of the form 


he (ate) hg Vee oes ek the pa is 
or, iP (a, Uns IN tbs eee ray Uy) = 0, 


since, by the theorems of Arts. 18 and 23, these forms are 
convertible one into the other. An Equation of Differences 
is said to be of the m order when the successive value, or 
the difference, of the highest order which it involves is the 
nh, 


73. The complete integral of an equation of differences 
of the mn‘ order will contain arbitrary constants. 


Metter. wir), U6. ,, >, (ewes Devmusericss Of « terns? Corres 
sponding to the successive values 7, v+h, »7+2h,...; and 
let 

F (a, u,, 4) = 0 


be the equation by which the general term is determined as 
a function of « and a, or the equation of the series, a being 
an arbitrary constant. Since this equation must hold for all 
the succeeding terms, we shall have 


F (@+h, u,4,. %) =09. 
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Eliminating (@) between these two equations, we get an 
equation between 2, u,, and u,,,3 or, substituting vu, + Au, 
for w,,,, an equation between w, u,, and Aw,, which is the 
equation of differences of the first order whose primitive 
equation is 

F (a, u,, 4) =0. 

In like manner if the equation of the general term con- 

tained two arbitrary constants a and b, as 


OF Cpe ery aye) Ste 


we might eliminate a@ and 0b by means of the two succeeding 
equations, 


F(e@+h, u,,,,4 6)=0, F(v+2h, u,,5,, 4 6) =0, 


and thus get an equation between &, Ur, U,449 Urzon3 Os 
substituting 


u,+ Au, for u,,,, and u,+2Au,+ A°u, for U4 9,5 


an equation between a, w,, Au,, A*%,, without the constants 
a and 6, which is an equation of differences of the second 
order, having for its complete primitive the equation 


F'(a@, Uz, a, 6) =0. 


Hence it appears that every equation of differences of the 
first order, or between two successive terms, will introduce 
one arbitrary constant into the equation of the series; every 
equation of differences of the second order, or between three 
successive terms, will introduce two arbitrary constants into 
the equation of the series; and, generally, every equation of 
differences of the » order will introduce » arbitrary con- 
stants into the equation of the series. 


Linear Equation of Differences of the First Order. 


74. The general equation of the first order and de- 
gree 1s 
Uys) — A, Uy, = Ba 


49 
A, and B, being functions of 2 To integrate it, assume 
Uy, = Vz Wr, 
Vou1 (Wp + AW,) — ApV,W, = Bz; 
and in order that this equation may resolve itself into two 
others, each of which admits of being integrated, assume 


(as we are at liberty to do, having made only one supposition 
respecting v, and w,) 


Von We - A, UV, W, = 0, 
or, dividing by v,w,, 
v 


, e+) A 
—aes Po 


Vr 
Vo+y 
But Alogv, = log rE re A log v, = log A,, 
log v, = Xlog A4,=log PA,_,, (Art. 50.) 
or v,=P4A,_,, the constant being unnecessary. 


The other part of the equation gives 


Very A Ww, = Bs 


A 5: 
WwW, = PAY 
~ es { 
B, 
and wu, = EAS {5 (sy) a5 cf 


s 


the complete integral, involving one arbitrary constant. 


7 
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Ozss. ‘Taking the difference of the result 


Uy B, Unt1— A, Uz <= Des R 
iS Tor Ga pad tage Say FIR Fe7] 


which shews that is a factor which makes each side of 


x 


the proposed equation integrable; and it is generally the 
most convenient way of integrating the equation to multiply 
it by this factor. e 


2 
Exo, (47) — au;=iw. 


_— 
Here 4A,=a, PA,= a"; 
2 
U av . : 1 
te =) == av’ a® utting -=a 
at) a? ( 9 Pp $ a 3 
x’ a" 24 +1 att! Qqtt? 
SP CUP EL) COA ee (Art. 59.) 
a-1 (a — 1) (a — 1) 
m2 
MS Xv 247+ 1 2 Cat). 


seer we a)" ieee 


Ex. 2. ty4, — @U, = Cos @O. 


scos (wv —1)8 —acos #0 
Bes O82 Tl) ir geo Ee 


2 a? —2acos0+1 


Ex. 3. Two vessels which hold (a) and (6) gallons re- 
spectively are filled, the one with proof spirit, the other 
with water; (c) gallons are taken from each and poured into ~ 
the other; and this is repeated such a number of times as 
to make their contents of the same strength; find the number 


of times. 
a 


We aay 
a(-ed 


tt 
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Indirect Integrals of Equations of Differences. 


75. Since the equation of differences of the first order, 
f(a, Uy, AU,) = 0, 
is formed by eliminating the constant (a) between the equations 


U,= EF (#, a), U,,,=F (a+ hy a), 


r+h 
it follows that we shall arrive at the same equation of differ- 
ences, whether a be constant, or be a function of vw, as a,, 
provided it be such that 


F(a@+h, a,,,)=F(@t+h, a,). (1.) 


Now this equation is satisfied by @,,,=4,,; which gives 
Aa,=0, and a, =a, a constant, and leads to the ordinary 
or direct equation to the series, 


Usa i (a, a). 


Also equation (1) will be divisible by a,,,—a,, be- 
cause a” is a value of a@,,,, which satisfies equation (1); 
and if dimensions of a,,, and a, superior to the first are 
involved in it, the result of this division will be an equation 
involving a,,, and a,; i. e., an equation of differences of 
the first order with respect to a,, the solution of which will 
give one or more values of a, in terms of w and arbitrary 
constants; and these being substituted for a, in the equation 


ny F(a, a)» 


will furnish equations of series, which are primitive equa- 
tions of 


Sf (@, u,, Au,) = 9, 


and each involves an arbitrary constant. 


52 


If equation (1) does not involve higher dimensions of a, 
and a,,, than the first, they will disappear from the result 
when it is divided by a,,,-—4@,- In this case a, will have 
only one value, viz. a,=a, and there will be only one equa- 
tion of a series corresponding to the proposed equation of 
differences. The mode in which the indirect solutions just 
treated of are obtained, is analogous to that in which the 
singular solutions of differential equations are obtained; but 
whereas the latter can contain no arbitrary constant, indirect 
solutions of equations of differences may contain as many 
arbitrary constants as the complete integral itself from which 


they are deduced. 
Ex.. u,= #vAu,+ F(Azu,). 
Taking the difference, we find 
Au, = Au, + («7 +1) A®u, + AF (Au,), 
or O0=(v+1) A°u,+ AF (A4u,), 
which is evidently satisfied by Aw, =a, a constant ; 
U,=an+a'; 
and substituting in the proposed equation 
ee aaah . a@ =F (a); 
u,=xva+ F(a), 
the complete integral, containing one arbitrary constant. 
For the indirect solutions we shall have 
U,= va, + KF (a,), 
a, being determined from the equation 


(w+ 1) de41+ F (4,41) = (+1) a, + F(a,). 


53 
Suppose, for instance, that F'(a,) = a3, 


(w “bh 1) (Qe4 = a) ay 7 a T a; = 0, 


or, rejecting the factor a,,, — a; 


a, PS eS a i | ; 
—*; = — E(w +1)(-1)* = (-1)"+C, 
(1) 

2u+1 
or @,=-— + C(-1)’; 


» 1-42” 
Uy, = €O,+ 4, = 


i: —-$C(-1)7+C’. 


Linear Equations of Differences of all Orders. 


76. The linear equation of Differences of the m' order 
is 
Usntn + Py Uren—-1 + PoUzen—2 + oo. + Pn Ue = 2 ie 


all the coefficients being functions of w; the first step towards 
its integration is to establish the following theorem. 


77. If there be m particular values 
which, when substituted for w,, satisfy the equation 
Usan oe Py YUorn-1 aur P2eUasn-2 The + P,U;z = 0, 
that has no term independent of w,, its complete integral is 


1 2 *” 


@, 2,...a, being arbitrary constants. 
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For let these values be substituted in the expression — 


Ugan + Pitern-\ “ P2Ugen-2 at tole « ss Pres 


and it becomes, (collecting the terms multiplied by the factors 
&yy Ans ~-- Ay) 


a) Cae ae Pi bere ey + eee + Pn 1.) + a, Lae + Dy eres + eee 
+ Dy Uh.) F vee + On (“Ungn + Py Uern—) + o-+ + Dn Uy)- 

Now since ‘w,, *w,, --."&,5 satisfy the proposed equation, 

each of the quantities included within brackets is equal to 

zero, therefore the whole is identically zero; consequently the 

assumed value of w, satisfies the proposed equation, and it 


contains » arbitrary constants, therefore if is the complete 
integral of that equation. 


78. To integrate the equation of differences, 
Unrn + PriUern-1 + PeWsen—2 + eee + PnUz = 
all the coefficients and q being constants. 
anne U, =U, +h; then by substitution we get 
Vein F PiVegn—1 t+ 'P2Voqn—2 HF eee 


+ DPVy +h A + pi + pot --- + P,) — 9G = 0. 


15 A Sea A a , then the equation becomes — 
1+ Py + pot ... + Dp 


Vern + PyVrin-1 AG P2V24n—2 fleet Pave = 0. (1.) 
Let v, = a*, then a*(a" + p,a""'+ p,a"-* +... + p,) is the © 
value of the first member; now this will vanish if a be any 


root of the equation (called the auxiliary equation), 


Ff (a) =a" + pya""' + pra"? + 00. + p10 +p, =0. 
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Hence the (7) roots of this equation @,, dz, G35... Gs, 
will give » particular values of v,, a%, a3, a3...a% which 
satisfy equation (1); therefore its complete integral is 


Ug = CA" + CoA% + 000 + Ca Ons 
and the complete integral of the proposed equation is 


q 
Ls) Dats sated) 


Uy = Cay + C2 As + vee ot C,@, a 


79. If the auxiliary equation have equal roots, the 
above ceases to be the form of the complete solution; because, 
in that case, it does not involve the due number of arbitrary 
constants; and it must be modified as follows. Suppose two 
roots a@,, a, to be very nearly equal to one another, so that 
@,= a, +h, h being a very small known quantity; 


then, 
ax (a—1) 
C7 + Cos = (C, + Co) a) +f ath + le &e.} 
v(xv—1 
= Cia, + C,$avapt ee gin &e.} 


replacing the constants 


he, 
c+ ¢ by Cy, and —= by C,; 
1 


now this continues true however small h be taken, and 
therefore when h =0, when it becomes 


(C, + Cy@) a); 
2 U, = (C, + Cy) a} + ¢,a3 + &e. 


Similarly, if the auxiliary equation have 7 roots equal 
to a,, the complete solution will be 


2 -1 , 
Uy = (Cot Cy V+ Cy® + vee + Cp" aT + C4 1074) + oe $0,055 
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of the correctness of which, we may be assured by the fol- 
lowing reverse process. Assume u, = a*v,, then 
Ugin= 4.0 (1 + A) 0, 
and the first side of the equation becomes, when divided 
by ay 
a’(1 + A)’v, + p,a’-1(1 + A)*"'v, + &c. + pv, 


= {(a+aA)" +p; (a+ aA)""! + &e. + py} v, 


2A2 
ae + &c.tv, 


=f(a+aA)v,={f(a)+f(a).aXQ +f" (a) a 
lee 


=f (a).v,+ - f(a). Av, + ft’ (a). O?v, + &e. + a"A"0,. 


Now suppose a= a,, and f(a) =0 to have 7 roots equal 
to a,; this makes the terms as far as f“-" (a) vanish; and if 
Vp =Cot+ CL + -.. + C,, 0" —}, 
then Atv, =0, A’*'v,=0,- &c., 


and all the remaining terms vanish; and consequently the 
equation is satisfied by 


Uy = (co + C,\@ + see ok Caine) rye 


80. Also if the auxiliary equation have a pair of ima- 
ginary roots, 


saa A ell = p (cos é + 4/—1 sin), 
putting p= f/m + n°, tan 9 = - ; 
the corresponding terms in the value of w, will be 
Cp” (cos 6 + s/f —1sin 6)" + Cp” (cos 8 — / —1 sin Q)¢ 
= p" (c, cos 78 + c,sin #8), 


changing the arbitrary constants. 
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And if there be r pairs of imaginary roots, the corres- - 
ponding terms in the value of w, will be 


(y+ A,X + Ay@ +... +4,_,0"~") p* (cos O + s/ —1 sin 0)” 
+ (bo + bv +... + b,_,@"~") p® (cos O — We sin 0)" ; 
or, changing the arbitrary constants, 
(Cy + C,U +... + €,_1a"~*) p* cos vO 
+(e) +e vt... + 0,0") p*sin £6. 


Ozs. The Differential Calculus being a particular case 
of that of Finite Differences, a strict analogy exists between 
the methods and results in the two subjects, as the reader 
cannot fail to have observed; indeed whenever in the latter 
a result is obtained with an indeterminate increment for the 
principal variable, it is possible to pass to the corresponding 
result in the former, by a method similar to that pursued 
in Art. 25; and which we shall further illustrate by the fol- 
lowing instance. 


In the equation w,,,,—2mu,,,+(m' +n’) u, =0, 


ete 
putting w,=a*, we find a= (m + n»/—1)*; 
Up = Cy (m + nr =I) + Cy (m—nf/—1)" 


= aH Nn ona n 
= (m? + n’)*" fe, cos (= tan = + ¢, sin (5 tan) : 
( ) ; h m ; h m 


Now the proposed equation is 
A?u, —2(m—1) Au, + }(m—- 1)? +77} u, =0, 


or if we replace the known quantities m —1 and n by other 
known quantities m,h and n,h, the equation and its solution 
take the forms 

A? Uz Au, 


2 
Tee) 2m, ane + (m+ n;) u, = 0, 
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: [phe su (: 
Uy = 4(1 + mh)? + nih? }?” fe cos ii tan7' re 


Now take the limits of these expressions when h = 0, and 


1 
we find the well known results, since (1+2m,h)’” becomes e”, 
du, — 2m,d,U, + (mi; +n‘) u, = 0, 


Uy, =e" (Cc, COSN,&# + Cy SIN N, 2). 


81. To integrate the linear equation of differences of 
the »™ order, 


Unrn 7 Pitern-1 a: P2eUn+n-2 + se. + P,Uz — AX, 


the coefficients being functions of «a. 


If ‘ty, "Uz, 2 "U4, be m particular values of v, in the 
equation 


Vain + Py Vrin-1 + PeVern—2 + ee. + PyVz = 0; ee). 


with which the proposed coincides when its second member 
is zero, we have (Art. 77.) 


1 2 
UV, = Cy Uy + Ce Uy + eee + Cy Ups 


If we now divide both sides by 'w,, and take the difference, 
we shall eliminate c,; next dividing both sides by the co- 
efficient of c,, which suppose 'v,, and taking the difference, 
we shall eliminate ¢,; again dividing by *v,, the coefficient 
of c,, and taking the difference, we shall eliminate c,; and 
proceeding in this manner till all the constants are eliminated, 
our final result will be of the form (each A affecting the 
whole of the expression that follows it) 


1 ] 1 v 
A ee A aa i A are 
= e. 4 3 
n My n 2y My, u, 


A 
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in which expression the coefficient of v,,, is evidently 


1 


>) 
n—2ay aly Ly 


n—1l 
v e+2°° w+tn—-l 


els ae 
therefore, dividing by this coefficient, we get the expression 


1 1 
n—1 N—2 1 1 
Vr+1 Vreqee+ Urin-1 Usigi Am, 4 
# 


ieoP n= 


1 V» 
Ty Fa? 
which must be equivalent to the first member of equation (1). 
Therefore the same expression, only with w, instead of »,, 
must be equivalent to the first member of the proposed 
equation, and consequently equal to Y; hence, equating these ' 
equals, and integrating, we get 

X 

n—2 


—1 
Uy = 6, SO Os eee ple Uv, Pa res 1 ] 


3 


(each & affecting the whole of the expression which follows it) 
which is a general formula for the integration of any linear 
equation of differences whatever. 


82. As a first exemplification of this method, suppose 
the coefficients of the equation to be constant, and a@,, a2, .-. a, 
to be the 7 roots of its auxiliary equation. 


& & v 0 
Then v,=€, 05 + 6:0, +0634, +... + 6,4), 


v. As\" Qz\* Qn\* 
—=0, (=) + Cz (“) + eee -—- C,, ‘ae ) 
a, a, a, a, 


changing, both in this, and in the similar succeeding steps, 
the arbitrary constants ; 


@,\" Uz a3\* a,\* 
A ary fi Te = C3 ia + ieee aT Cy rane 
a, a, a, a, 
As a a, # Uy 4 7 Ay, e 
A =) fa) A Me mo, (= +... +, (— 
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in which expression the coefficient of v,,, is evidently 
1 1 1 


eULS Toms oo Pewee ae eo 
A, Gy Ani +0. Ap Ay ( 1)" p, @,, 


therefore, dividing by this coefficient, and replacing v, by w,, 
we get 


(—1)"p, az A (=) A (==) eK (=) Nees 


@v 


A a af (2) (4) = (=): 
Pn a, Gn} a, 


or, if we choose to introduce the arbitrary constant after 
each integration, 


Un = C, A; + C, A, + o-- 


oar naj 3 (%) = (2) (| 2 (=). 
P a 


n 1 Qe, a,-| 


83. If the auxiliary equation contain equal, or imaginary 
roots, this method is still applicable; it is only necessary to 
assume for v, the value belonging to the case of equal or 
imaginary roots, as will be seen in the following instances. 


Ex. 1. To solve> the equation 


A Unse —20Uy4) + “, = AG 
: 1 
Here »v, = (c+ea) — 


5 1 (a‘v,) = 0, 


* For this method, and the corresponding one of solving the general linear 
differential equation, | am indebted to Mr Gaskin. 
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in which expression, the coefficient of v,,, 1s a***; therefore, 
dividing by this quantity, and replacing v, by w,, we get 
1 

ane 


ING (@ 6) ks 


1 
1 y= — B (Xa"), 


Let X=, then >?(va’) =a#>a" -2S5a"t! +cur+e, 


(Art. 58.) 
1 ra” 2q°*} 
= —— J—______ _ U+e 
Teta -3\ (ai tie CS 
2 


an 2a° 


Ex. 2. To solve the equation 


Ugse — 2MUyz,, + (mM? +n’) Uu, = X. 


Here v, = cp’ sin #0 +c," cos #8, 


n 
where p> =m’ +n*, tan @=—; 
m 


Uz 


. -——— = ¢, tan ev : 
p? cos 7 z O + C23 


( Vr ) - c, sin@ ; 
p cos 20 ~ cos #@ cos (w + 1) 0” 


“. Acosw@ cos(w+1)0A (-- 5) = 0, 
p* cos vO 
cos (w+ 1) 6 
rat 


in which expression, the coefficient of v,,, 1s 
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therefore, dividing by this coefficient, and replacing v, by w,, 
we get 
2+2 


fete eh. Aa 
cos (REE) Apne Ee ( "cos v0 ’ 


#42 


, 1) 0 
". Uy =p" cos 29% sec #0 sec (# + 1) OX ee ets 


to which we may add the terms ¢,p sina#@ + ¢2p* cos #6, if 
we suppose a constant to be added after each integration. 


Ex. 3. To solve the equation 


Un+4 + Py Un43 + Po Ucre + P3Ue41 + Ps Us = A, 


where the auxiliary equation has two pairs of imaginary roots, 
so that 


a+ p, a+ pa + p,a +p, = {(a—m)?+ n°? 


Here v,=(a+a' 2) p*cosx 0 + (b +0’ x) p*sin x8, 


satan + (b + ba) tan a 0, 
p” COs w 

Ve Lat sin 8 
eee b' t DIED ) Bee 
p’ cos xv 0 ae ge ea (aes D eonw 8 com (OESINOR 


cos #0 cos (w + 1) 0A — =14a'}cos (2 @+1)0+ cos 6} 


pc aes 
+40 §sin(Qv+1)0-sinO} + (b+0 2) sind, 


A cos # @ cos (#@ + 1) Dee ee =—a'sin2(#+ 1) @sin @ 
p cos x0 


+ 5’ cos 2(a#+1)@sin@ + b'sin 8, 


sec’ (vw + 1)0A cos vO cos (7 +1)0A 


p' pare 


= — 2a’ tan (a + 1) Osin@ + 26’ sin 8, 
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2a sin’ 6 
cos (@ + 1) @ cos (a + 2) 0’ 


A sec? (a +1) 0A ( )= 


A cos (w + 1) 0 cos (w + 2) OA sec” (@ + 1) 8 x 


Vy 
A cos x 0 cos (vw + 1) 8 A ———— = 0, 
p’ cos v @ 
; : ; . cos (#+2)0 
in which expression, the coefficient of v,.,4 is ie in 


therefore, dividing by this coefficient, and replacing v, by w,, 
we get an expression equivalent to the first member of the 
proposed equation ; hence, equating it to YY, and integrating, 


we find 
U, = p’ cos # OE sec v O sec (w + 1) 0 Xcos’ (w + 1) O x 


> sec (vw + 1) Osec (w+ 2)O02 (ee 


U+r4d 
84. Having given a particular integral of the equation 
Ure + an Unes + B,u, = 9, 


to find its complete solution. 


Let v, be a particular integral, then 


Veg.9 7 Ay Ve) ot Biv, =0; 


° . ° e Uy 
Hence, eliminating 4,, we find, putting —=z,, 


xv 


Ne pe Bs Ber 


A By Vn+ie2 


= W,, suppose ; 


or Alog(A2z,) = log w,, 


A%,=CPw,_}, (Art. 50.) 
te = COS > (fig At): 
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85. If we know a particular integral of a linear equation 
of any order that has no term independent of w,, we may 
reduce it to another equation of the same kind of the order 
immediately inferior. 


Let uw,=v, be a particular integral of a linear equation 
of differences of the n™ order reduced to the form 


Atty + GA" hy + Go A"? Uy + vee + OnUr =f (A)U,=0 (1). 
Assume WU, = V,0W,3 
then A*u, = SA + (1+ A)A‘}*%v,2u,, 


where A affects v, only, and A’ affects Xw, only, (Art. 34.), 
and the proposed equation becomes 


fi{A+1+ A)A‘t vo, Sw, =0. 


Now f{A+(1+A)A’} is a rational integral function 
of A and A’, which we wish to arrange according to powers 
of A’; and this may be done at once by Taylor’s theorem, 
which gives 


; At ’ 
F(A) +4 f, (A) (1 +4) + po G + A)?+...+A%0 +A)". 
Hence, observing that f(A).v, =0, since v, substituted 


for u, satisfies the equation, and that (1 + A)'v, =v,,,, we 
get the depressed equation 


has 
Wf (A) 41+ 1.2 Aw, f(A) Prx9 + --- + A", - 054505 


or, reversing the order of the terms, (since f,(A) means the 
same function of A, that d;f(w) does of x), 


n—1 n—2 
Oe woe CAN Dies + eo) A WwW, 


. ‘ae 


In 


A? U,4n-2+ (n—- 1)q AVr4n-2+ deteen-ah Att eee 


+ fi(A) 241+ W2=9, (2) 


; 
¢ 
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a linear equation of the (2 —1)™ order, of the same form 
as the original one. Similarly, if we know another particular 


Be 


value of w,, z,, then a( will be a value of w, in equa- 


Vy 
tion (2), which may be depressed to another of the same 
form of the (m —2)™ order; and if we know 1 particular 
solutions of equation (1), we may in this way depress it to 
an equation of the same form of the (n—7)™ order. As 
a linear equation of differences of the first order and degree 
can always be solved, it appears that to obtain the complete 
integral of a linear equation of the n order, we must know 
m —1 particular solutions. 


86. Besides linear equations of differences, and such 
equations as can be reduced to that form, very little is 
known of equations of differences of the second and higher 
orders. The following are instances of equations which admit 
of reduction to linear equations with constant coefficients. 


1. Unsn 75 Pivrrn Un+n—1 PeVrenVren-1 Ugin—-2 +t ass 


ars PaiaernUren—1 222 Vr Uy = 0 5 


where p,, po, &c. are constants, and v, is any function of 
a. Assume u, = w,Pv,, then the equation becomes divisible 
by Pv,,,, and is reduced to the linear equation with constant 
coefficients, 


Warn + PiWern—-1 + PoWaen—-2 + -e- + Prbz = 0. 


2. Ungn + Pi 0" Ugin—1 + Pod” Ugyno + o-+ + Py O"*U, = 0. 


(14243... +2) 
> 


Assume wu, =V,@ then any term p,a"u 


becomes 


o+n—r 


= Pr Ve4-n—r qt? @+2n+)) y gi@-N@-r+), 


therefore the equation becomes divisible by a**+?"*), and is 
reduced to the linear equation with constant coefficients, 


= —1l)(n-—2 
aterny + p,atre Wein-it pra )(n Voin-atreet Day = 0. 


9 
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3. Uses + fat b(-1)") wes, + Cu, = 0. 
ve a+ b(=1), 
then %,4) =Vpi1 /a—b(-1)*, 


tno = Versa + b(-1)’; 


Let 4, 


se Vepe + J a — 6 0,4, + Cv, = 0. 


A, Ug Ug + OU, + bu, +e= 0. 


Va4+4 Voie 
Assume w,+@= ,» then w,,,+ a= ; 
Vy Vo+ 
Vo+r (Vr+e Va+l 
rat) (Rett _g +b —-a@)+c=0, 
MeCN; V» 


OF Vr49— (a4 —b) vg4, + (C— ab) v, = O. 


The two arbitrary constants which will appear in the 
value of v,, must be reduced to a single constant, by the 
condition of the proposed equation being satisfied. 


5. Uns ~ 202 +1=0. 


Assume w,=cosv,, then u,=4(c? +e”). 


i) 


Pros. 1. To find the value of 
V9 _V/2 - /2— --. tO & terms, 


letiiti—.21, 0 thee ae = \/ Bia, 


2 
Urs, +U,=23 let u,=2cosv,, 
then 4 cos’ v,,,+2cosv, = 2; 


. 208° 0,4, = 1 — cos v, = 2 sin’ 4 v,; 


el Tha 1 
COS U,4) = SIN 9g Vz = COS beet 5 


Pros. 2. A swan breeds three cygnets in its second year, 
and four every succeeding year; and the young ones all 
breed according to the same law; required the number at 
the end of the a" year. 


Let w,= number at end of x" year; 


then in (# + 1)" year, there will be bred three each by those 
in their second year, and four each by all the others ; 


Ups) = Uy + 3(Uy_) — Uz—2) + 4Uz_2 = Ug + 3Uz_) + Uz 25 
Un43 — Urge — 3Ug41 — Uz = 05 
m> —m? — 3m—1= m(m* —1) — (m+ 1)? =0; 
m=-—1, and 1 LAs : 
Uy = a(—1)° +b(1 4-4/2)" + (1- V2)’, 
U=O0=-a+b+¢, 
uw=1=-a+b(1 + /2) +e(1 HAs 5); 


ty =4= a+ 6(3 + 24/2) +0(3-24/2); 


pe (1) 4(F- 1) (040/3)" -4(F+1)0-v9 


If the law of increase be only one the second, and every 
succeeding year, 


a tar ae Nal 


2 


87. The following problems relative to continued frac- 
tions, give rise to equations of differences, which can be in- 
tegrated as linear equations. 


1. To determine the value of the continued fraction 


C c c : 
Up = —~ — to w fractional terms. 
a + a ofe eee a 
c 
ed Greta Sethe (u,+a)=c; 


Vo+1 Vai [Vr+e2 
assume U,+a= , then — —a)=c, 


2 Vy Up+ 1 


OF, Usa — 2.024 CUT Us 
. 0, = C,a" +c, (3°, a and 3 being roots of k*—-ak-c=0; 


CL aGraes Po ant -® + €, [3° (B — a) 


ca’ +c, 3" ca” + ¢, 3" 


+ ¢, 8?) 
C) a’ + Co 3° 
aun ob C3 Cts 


: C2 
=C.—--~_~__-—, putting ¢,=—. 
a® +c, 3° Cy 


, since a+ =a; 


If a and £ be imaginary, so that 
kK? -ak-c=k’ -2k pcos 0 + ps 


i sin w 0 
en) 4 i= — pt 
: P sin (7 +1)0 
2. To find the value of the continued fraction 
Cc Cc c oC 


uN. = 
Sig da Ga ec eaD 


to # fractional terms, the last term being Ri 


Proceeding as in the last example, we find 


14+ ¢; b-a 
ve Co ers 6 
6-6 


AC VSS SERACE Sfemmy 
nye BOS BIE 8 (aly BS") 


3. To find the value of the continued fraction to x 


fractional terms, 


eee 


UU. = 
7 Get, O.-+e @ Oste ee 
1 1 1 
Here Us42 = 9 oe —- ¢g = 3 
1 U b+u 
a+ +2 x 
b6+U, 
Ug+2 


or —m———=b+4,. 
1 — GUz46 


v, 
Assume 1-—au,= perce ee 


1 (1 z =) Un+3 he. 1 (1 - Sl), 
a Vo43/ Va+i a Vo41 


Ug43 — Ve41 = GUU Tis. Wiser e eels 


OY 243 — (2 + GD) Vy41 + Vy-1 = 9, 
of which the auxiliary equation is 


Kt- (24+ab)e4+1=(F —/J/abk—-1)(¥+Vabk-1)=0. 


1 1 ; F 
Let a, —-,-—a, —, be the roots of this equation, then 
a a 


, 1 
v, =a’ $c, +¢,(—1)"} + ne Ses +O (- 1)*}, 


pene p,a ae 


a Uy = — a’t} if De gq tty 2 
C3 + €,(- 1)*7" 
where p,= chat Or J C+ Ole ty 4s 


‘i, Cy + Cz (- Dyers 


. 1+ p, , 
au,=1=1 —-————— ts =+1=C+C 
1 a+ pa?” Pi 2 
ab a+ p,aq* 
& Ug = alld Arosa Bt meee art 
1+ab a’+ pra 


3 —3 
, a + a 1 (eee 
a+ p.,a a 


e" pe Le G 5 “ C=0, C-=—4, and ps =(- 1)’, 


af + (— Qe eee dat 


- Ao tae = 1)? Pt 
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4. Suppose b to be essentially negative and = —c, so that 
the continued fraction is 


1 1 1 ] 


Gav dire ata eee eee 
and let »/ab =/—1 fac =24/—1 sind, 
then #2 —24/—1 sind@k —1=0, 


“. a=cos0++/—-1 sin8@; 


sin (vw —1)@ BMieC OS (w—1)0 
—————., or 1 - ——_—_——., 
sin (@ +1)@° cos(# +1) 


be 


*. €4uU,=1- 


according as wv is odd, or even. 


SECTION IV. 


SUMMATION OF SERIES. 


Integration of the General Term. 


88. One of the most direct and important applications 
of the Calculus of Finite Differences, is the general method 
which it furnishes of assigning the sum of any number of 
Terms of a Series of the general term of which we are 
able to take the integral. ‘There will be two cases to con- 
sider, according as the general term is given explicitly in 
terms of the index, or is only given by means of an equation 
of differences. We shall begin with the former, by shewing 
that the sum of any number of terms ending with the 
general term w,, is equal to the integral of the following 
term, plus a constant. 


Let S§, denote the sum of the @ first terms of a series 
whose general term is 2,, 


then S$, = WU, + Us + ooo + Ugs 
Sng.) = Uy + Uy boc. + Uy + Ue 3 
~ Seai — 8, = AS, = Us415 
ote iS persis tbe agen 
Making w=0, S,=0=24u,_.,+C;3 
or, as it is usually written, 
O= 2%,+C, 
os Sy = Dy — DAs 


In general the arbitrary constant will be determined by 
the term with which we make the series commence. Thus, 


* 


"3 


if we make it begin with w, instead of w,, this amounts to 
suppose the sum of the terms preceding w,, that is, Xw, to 
be zero; and therefore to determine the constant, we have 


Ps pued => pay pra ae Cc = QO. 

89. As the summation of series, where the general 
term is given explicitly as a function of the index, thus 
resolves itself into the cases of integration treated of in 
Section II., it will only be necessary to give a few numerical 
‘examples; every expression integrated in that Section gives 
the sum of a series of which it is the general term. 

TA Wo fit the sum of the first # terms of any pro- 
gression of figurate numbers. In the r™ order the general 
term is 


. _ @(@ +1) (@4+ 2)...@v@+r—2) 
-_ Taps Gul) 7 


v(v+1)...(~+r—1) 
Ue NL EPUB 


+C, (Art. 45.) 


v(v+1)...(e+7r-1) 


me S.= 
¢ IN Vase 


Similarly, for the series of inverse figurate numbers, ex- 
Dit. 1 
cept when r=2, that is, for the series 1+5+$+4+...+ af 


Yageesicn (Tah) 


For we have u, = ———____—___; 
"a (a@+1)...@@+7r—2)’ 


1 Sine Ta) 


¢ er he ee ee CAT eda 
th He (r —2)(# +1)... (@4+7r -2) Saeenh 
y—1 
Su,=C- a 0, 
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1 12 385.8 (7'—98) | 
A ee ee E 


r—l 


and S,= 


r—2- 


2. To find the sums of the squares and cubes of the 
natural numbers, 


Uz=v=(%-1)v+2, 


(w7 —1)#(a#+1) fee Petey) 2 


ite ee 
@+i1 3 9 


C, 


_ v(@ +1) @e+1) 


4 ey F 


Again, u,= a =a(a-1)+2; 


bias, gan AUS) EES 1, 


g, ED (CAR 2 (eee 


Suis 2 2 


_ & (40° — 1) 


Similarly, 1° +39? +5°+... + (Q@—-1)’ : 


4334+ 554+... + Qe —1) = 24 - a’. 
3. To sum the series 
P—243?-44... 42°; 
Uy = (—1)*7'a’; 


ORM Ga a8 PEED re ig 


ie 4 + C. (Art. 59.) 
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L nay ((@4+ 1)? 243 1 
elaine ial 


1 &(@ + 1) 1) 
S,=(-ne 


Similarly, 


2.1? 427.97 4 98. gt4 6, 4 27a = 2°t! (+1) (@—3) + (2741-1) 6. 


4. To find the sum of # terms of the series 
1 1 1 
oe ees ct gait oakincee cage 
; . hichifallanindeckaTea4s 
ee . ewhich falls. under, Art. 48. 
* af-3? (22-3) (a+ 8)’ 
gy 1 V+) 1 6a +5 
“18 (2@+1)(2"+3) 6 (2% — 1) Qu +1) (2a + 8)’ 
1 
and SoS. 
18 
Similarly, 
5 av 8 11 ey ‘ 9 3a + 4 
$$ c. to w terms = 2 — ————____- 
fone ia) 3843 45 oe (w+1)(v+2) 


5. 2.4.74+4.7.13 + 8.13.254 16.25.49 + &c. to wv terms. 


ig 2° (S52 byes ee 1): 
Assume Dtég.,;=A(3.27-'+1)(8.27+ 1)(3.2°*'+1); (Art. 55.) 


Ute = A(S.2* +1) (8.2°t) + 1) ala" + 1 — (8.2774 1)3 


ee (a a" Pty (se 21) 


A a 
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4 z 
Btbsg = (8-27) + 1).(3-.2 '+°1) (8. 2th #1) +; 


8 16 
ot 1 8 
9.15 15.33 


oe (-2)’ : 
az §(—2)"-1¢ $(-2)"-14 2 


2 
3.38 


: 4 
j aera 


1 1 
A . 55. d oe 
a (Art. 55.), and S' % 


14.1 
S,=-+-.-———_ 
cu 8 (-2)tt- 


16 21 Q 26 ae 
t= + . (-] — &c. to & terms, 
OOS dae Be A Shaw oe AOAC 3 


a 16 + 5 (w—1) ot 
Goma) (net 2) Gare De 


A 


(@ +2) (#4 3) (-§)*, (Art. 56.) 


Assume 3,4) = 


then A=-—83, and 


3 
So a ei ieee)! 
2 (ets) aay 3) 
Similarly, 
19 1 28 1 39 ee 52 1 
VER ce ea Ree 


to wv terms, 
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v +6412 
ti et ee (Lt 
i Re) (BLeye : 
D+ 4 
S, = 1 —>——__——~._ (f)**1. 
1 GEN @+®) ® 
1 1 1 


a a eee eee oe es, fa 
cos@cos2@ cos2@cos3Q@ cos3Q@cos46@ 


to & terms. 


1 
Uy = — 2 
* cos w 6 cos (@ + 1) 0” 


tan (v7 + 1)0 
ates) = aaa + G (Art. 53). 
po eee 
sin 0 
oe (@ + 1) @ — tan@ 


sin @ 
9. 1cos8+2cos20+3cos30+ &c., to x terms. 
Uns, = (@ +1) cos (vw +1), 


sin (w + 4)0 


1 
> Ue41 = (@ +1) Rey: > sin (w + 3)0 (Art. 59.) 


2 sin — 2 sin — 
2, 2g 


_ @+))sin(@w@+4)@  cos(w+ 1)0 


7 rm =~ +, 
2 sin — (2 sin 4 
ye 2 
cos @ 
2 sin — 
2 
il 
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1 0 vl, 
Y Reena as NOSTRS AF che) i ; ak mn = eine 
Si + 5\si (v +4) @sin mie cigs of 


2 sin— 2 sin? — 
2 S 
‘ «“@ 2 
; sin —— 
aw sin (w+ 4)0 ; 
2 sin — sin — 
ie 7 9 


Hence also if S, = 1cos?@ + 2cos?2 0 + 3cos’3 0+ &c. 


then 2,S,,=1(1 + cos26) +2 (1 + cos460) + &c. 


Re a(v¢+1) wsin@@v+1)0 , ee) 
Ps hale 4 sin @ 4 \ sin@ } - 

10.) tated : = a : : 
Vii 142 +2? 1+3483 


to w terms. 


' 1 i Aw 


4, = tan = tan —————_~ 
. l+a+a 1+a(#@+1)’ 


Du,=tan7->e2#+C, (Art. 54.) 


Si, 


via ' 
Bog — By = tan”! (w+ 1) — 7 a 


\ 


Recurring Series. 


90. We next come to the case where the general term 
is not given explicitly in terms of its index, but only certain 
relations between the consecutive terms, or these and their 
indices are expressed ; of this sort of series the most remark- 
able are Recurring Series, 


A recurring series is a series In which an equation of the 
first degree with constant coefficients, holds good between a 
certain definite number of consecutive terms, in whatever part 
of the series they be taken. ; 
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For example, in the series 
8+5+9++17+4 33 + &e. 
we have 9 = 3.5 — 2.3, 17 = 3.9 —2.5, &c.; and in general 
Urge = 3 Ugg) — 2 Uz: 
The general equation of every recurring series is 
Ugen + Pi Unen—1 + Po Uzen—g + oon + Pn-1 Use + Pn Ux = O- 


The series of coefficients which connects any term with 
the preceding ones is called the Scale of Relation. Thus 


1 + py + Pot vee +P, =O0 
is the scale of relation of the recurring series whose equation is 


Unen + Pi Vern-1 Suiccoet PrUs = 0. (1) 


Ol 3A: recurring series may generally be resolved into 
two or more geometric progressions. 


For if a, 2, d3,...a, be the roots of the equation 
a+ p,a")+p.a° 4+ ... +p, =, (2) 
the complete integral of the equation of the series is 
U, = C, 0, + Cody + 2 + 6,4,,. (Art. 78.) 
U, = CA, + Cy Gq + C3 Az + 00. + Cy ns 
Uy = CA, + CoA, + C305 +... +0, 4°, 


Un = C, A, + CeG, + 6,43 + ... +C,a,5 
and the series consequently is transformed into 
C, (@, + a, +... + G4) + Cy (Go + a+... + a4) + &e. 


+ C, (G@, + G+... + a). 
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92. In the particular cases in which equation (2) has 
equal, or impossible roots, the recurring series can no longer 
be resolved into geometric progressions ; for the complete in- 
tegral of the equation of the series becomes in those two 
cases, respectively, 


i 
U,= (+0 +08 +... + 6,0" yay + Cy Oeg1t coe Fn Ons 
Uy = (C+ CU +... + 6,1 x") p® cos vO 


1 1 1 — won @ # 
+ (Cy +6, a + 00. +6,_1 0°") p® sin & O + Coy 41 Gort # eee $C, Oy 


93. Hence, to find the general term of a recurring series, 
we must integrate the equation expressing the relation be- 
tween its successive terms, and determine the arbitrary con- 
stants by making the general term w, coincide with a sufficient 
number of given terms. When a series is known to be 
recurring, its equation may be determined by assuming it to 
be of the form (1); and then forming a sufficient number 
of equations for finding the’ coefficients p,, po, &c. p,, by 
substituing the given terms in order. 


94. To find the sum of a terms of a recurring series. 
First, let its general term be of the form 


xv & av 
Uy => C, a, + CoQo + eee + CrQn» 


ajt*—a, ast’ —a, 
Ke S, = DU —->w=cC . —————_ + Cn ———_ ++ ee. 
eal OS 1 1 2 
a,—1 A, —1 
a,* — On 
+ C, 
a,—1 


Secondly, let the general term be 


} 2 —] 2 ; 
Uy = (Co + Ch + Cy@" +00. + Cy" —") OF + G40, + &e.; 


then since 
ava” a®* Aa = a®t2? A2a" 
OO = Ee im tie Re.) (Arts 591) 
a-1 (a-1)’ (a — 1) 
a) ry v4.2 
a, a,*)(@ +1) a 
aUz41 = Co re} -——_—, + &c. 5 
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“. S.= tex — Su, is determined. 
Thirdly, let 
Uy =p (C) cos vO + cy sin #6) + p’w(c, cos#O +c, cos x) 
+ pa (c, cos 78 + 6,’ sinw@) + &e., 
then each term to be integrated will be of the forin 
a” 9” cos (#0 + a), 
the integral of which may be found by Art. 58, because 
=" fp" cos (w8 + a)} 


is always assignable. 


Ex. 1. To find the sum of w terms of the series 
1 Heh bel] ee pS ie: 

Let the equation be w,4. + PUlr4) + UUs = 03 
“174+5p+q=0, 53+17p+5q=0, 
which give p=-4, q=3:3 

we Unig — 4Ue1 + 3U, = O. 

fet uwj=a@3 «i. 404303. 35a=3:0n 13 

°, Uy = C3 +.Ca5 


1 = 30C, + Co, 5=9¢€,+ 6), 


6 S,=3"-av-1. 


Ex. 2 8—a— 222 — aoa aed Ha’ — &e. 


' (28-2 
U, = 2a*~' cos Cae 


11 
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Ex. 3. 144418 + 80+ 356+ &c., to # terms. 


Here ty4. — 4Uz4) —2U, = 93 


. 2/6 uz = (2 + 6)" - 2-6)’, 
and. 


_@+Vi-@4+V6)_ @-V6-@-V8) 


1+r/6 


Application of the Integral Calculus to the Summation of Series. 


95. As integrals are often expressed by Series, so, 
conversely, the latter may be represented by integrals; and 
it is often desirable to find the integral of which a proposed 
series is one of the developments, in order to subject it to 
the methods which we possess for calculating, at least ap- 
proximately, the value of any integral taken between assigned 
limits. We proceed therefore to notice one or two processes 
given by Kuler for effecting this; they consist chiefly in 
performing certain operations on the series, by which it is 
transformed into another series which we are able to sum, 
or which is similar to the proposed one. 


96. Series which proceed according to the powers of 
some quantity ¢, affected with coefficients consisting of factors 
in arithmetic progression either in the numerator or deno- 
minator, may be summed by the aid of the Integral Calculus, 
the denominators being taken away by differentiation and the 
numerators by integration. 


cies tna de 
Txiei. Let = — + — a can t 
x SW ae gash a nee oO? 
. d,(st) =t+ 20 + 3% + &e. 


d,(st¢ t 
t f 


_— 
i 
i 


a+nb 
Stag a 


+ + ... to m terms. 
a+n[3 


+. Bd,(st8) =... + (a + nb) 87} + on. 


B Ife Pasty} Ly pare ae — ie, 
6-3! a feet afoot 
Ex. 3. s=1 +o tt et 
fr ot hohe + &c. (to ow), 


bee | e 
—2 t° Ag 


fh A # “e a Fae 
aabeat § = —— — 
Be! a-b a+fPB (a+ )(a+ 22) 


b 


o 42 


ONG Sa, PIT op 


* (a+ B) (a+ 2B) (a + 38) 
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a Pate 
a+ fp 


a 


ie c—2 wok e 
dy(eh 5°" fot) —"_ Bo 4 tB + 


Sel [hee 


a(a +b) 


GB) eye + &c. (1.) 


hence, performing the differentiation, we find 
(Gt — bf’) d,s + (a—at)s=a, 


a linear equation of the first order for finding s. 


For the sum of m terms, we shall evidently have from 


equation (1.) 


p 


b 


a 


el SR os a i 
a(¢F > fez? iN WEE Ns 


= 1 


a 504 ok a(a+b)... fa + (m—2) bt mt 
+t (1498) (a 2B) Mew Gans Dies | 


] 
Ex. 4. pee eG Die Gest). 
1 ¥ 152 yg 1) 


a(a+1)(a+2) B(B+1)(B+2) 
i {4238 mere) eer ss 


(P-t)@st+f{(at+B+1)t-yids+aBs =0. 


97. When consecutive denominators have only a single 
factor in common, or none at all, the following is a conve- 


nient mode of summing the series. 


1 1 
a(a+b)(a+2b) (a+ 2b) (a + 3b) (a4 4b) | 


+ &c. (to ¢ ). 


Sele ge 
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2 b? | 1 
SNe ee ee Ei ey Jada eae: a ak pee nae 
“ (a+ ab) {a+ (w41)bi {a+ (w+2)b} a+ab 
2 1 


ook a eiye een tues) OF 


resolving all the terms by means of this formula, by putting 
@=0, 1, 2, &c., we find 


2 2. 2 2 


1 
9b? YS =- — Pe eed ky = A See oe es ATC 
Di PROP eal ey, pee Ta 
ot} 
. 2h S=2 
ls-3 
Similar] : 
a Lee ee eS ee 
 @ (a+b) (a+ 2b) (a+ 3b) 
1 
+ &e. (to © ). 


* (a + 3b) (a + 4b) (a + 5b) (a + 6) 
ee ah aan 
66° \a a ie aia? 


98. We may obtain an expression for the sum of the 
series, 


1+—-d.p(2) + @1O@ $+ “df p(e)}? + &e, 


where @ (#) is any function of x, by Lagrange’s Theorem. 


For if y=z+aq(y), then 


y= tip) +754 1p @)}* + &e. 
ol ae ce, ke yP(y) 


where d yP YY) must be obtained in terms of # and z, from 
the equation y=x+aqQ(y). Suppose, for example, 


p(y) =4(y - 1), then 4, (y) = Y> 
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a Ue eae 
and Ya Seis Ue ee l-wy=VJS1-2804+2'; 


1 


. d. (2? —1)?+. eS 
Af 1-280 +0? 


rei <4 ia | 
e z( +. 5 


Hence if (1 er +70 4- ZG + ce +O, 0 Leeee 


then Z, = dy (2? — 1)". 


=e 


The function Z, has some remarkable properties, of which 
the following may be noticed. 


From the formula 


1 


9 b 
[Tere ran ~ ane (Verte + Vj cc+en) 


it is easily shewn that 
at 


at a+ 2a ame oh 1+a 
il (1 —2arz + a’r’)-3. (1-5 +5) = — log (~“), 
f r , 


l-a 


—lp+) oh a a” 
if (1+ Z,ar+ Z,a°r" + ...). Es A arte 4,4 + he 


Q Come 
=- a+o +S + Be). 
a 3 +4) 


Hence the definite integral of every term of the product 
forming the first member that is not independent of 7, must 
equal zero ; 


. f° G.Z,)=0. ane ts (Z,)? = 


2n+1- 


99. To find an expression for the sum of the reciprocals 
of the n“ powers of the values of y, in the equation 


s—y+ p(y) = 03 
where ~(y) denotes any function of y. 


Sle ae re une eS “a - 


a aca er 
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Let zs-—y+ p(y) = C (a, — y) (a —Yy) «+. (4, - Y)> 


1—d 1 1 1 
P 1-d oy) _ + + wee t+ ; 
s-y+O(y) a-y m-y Om — Y 


(1.) 


Now developing the two members of this equation in 
powers of y, the general term of the second member is 


1 1 1 P 
(5 ae a ree eutts =i Yo =S_n-1-Y > 
and by 'Taylor’s theorem the general term of the first member, 
putting 1-d, p(y) =f(y), is 
IMPW ( 1 
r s 


alah 


Buelie ef ty) <4) 4+ 4.y 40e, tp Ase do 


; Pie Y, y 
since ATL PRUE 8 oe 2 + Tie ee 3 
fy) A, +A, e+ iA D tte 
S-y gntl Y ? 
FY) . ., 2 &) 


therefore the general term of ~~~ is ——~ y”, whatever be 
Ps 


the form of f(z), if p TE ) be restricted to such terms as in- 


ght 


volve negative powers of z only ; aaa the general 
fMPY) . FPR oy, 
Pa 


iT, a ae 


term of and therefore of 


[Pp (Hee) it is oe ar (Z Mo ®) 


hence equating coefficients of y” on both sides of equation (1), 


a, (ERE) 4 — di: 4 ee =) + &e. 


n-+-1 
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Now putting for f(z) its value, the general term may be 
resolved into 


Le (CON La (1-9), 


bees n+l grt! 


——d" (ee) be fSilaay, a (f oO 
ST 


gttl | 7 ent+2 


“Te (POe® (=) p ), 


ght! 


of which the first and last will be destroyed by the corres- 
ponding parts in the preceding and succeeding terms ;_there- 
fore, changing 7 into n — 1, 


1 ng(s) “4, (Ge) - ar (Ge) ~te 


eh ee ke Rats wea 


But the second member of this equation is what Lagrange’s 
Theorem gives for the development of y~”", in the equation 
x—y+(y) =0; therefore s_, is equal to the sum of those 
terms of the development of y~” which involve negative powers 


O1as. 


100. By the help of the preceding proposition it may 
be shewn that Lagrange’s Theorem, applied to the solution 


of the equation ° 
Pept ty (y) =0, 
gives an approximation to the least root. By what precedes, 


we have 


1 2 
ba 72 PAS) pasta i(? o) ke. 
pe Ra) 1) ight 1.2 ey 


b] 


gent : 1 gntrtl a 1.2 gntr+l 
where each series is restricted to those terms which involve 
negative powers of x; and the number of those terms in- 
creases with (7), and if m be supposed very great, then each 
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series may be taken ad infinitum. But whatever be the value 
of n, if both series go on ad infinitum, the value of the 
second member is 


a =o = et + - s"~" & (2) + 4, § Se p(x)} + &c¢., 


as given by Lagrange’s Theorem, and which may be verified 
by actual multiplication; therefore when » is infinite, 


limit of ——2 =y’, 


S_n—r 


(y" denoting that function of x which is given for the develope- 
ment of y” by Lagrange’s Theorem). 


But if a, be the least of the roots a, a, a3, &c., we 
have also (Theory of Algebraical Equations, Art. 156.) 


S_n 


limit of = a@,, when m is infinite; 


eau 


y' =a,, and y=a,, the least root. 


101. To find the sums of the series 


sin a 2sin2a 3sin3a ke. (1 
——_ 4 5 —__ 4. &e. (to 
Tei | 28 Lie Be ie : 
kecosa kcos2a kcos3a &e. (t 
a of oe EG (TO CO 
1? ue k? a 9? + k? 3 ue k? he 
nm sin na k cos na 
Gh. thes Val eS hok: Rie ee i hr 
b ne ce ke? 9 n? ie Ie 


First, we have 


(1—p’) eis k ; 2 3 jie 
—-_*f-___e¢-!t42 (pcos # + p’cos2 + p*cos3a+ &c.) et, 
1—2pcosv+ p* 


12 
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and integrating both sides from #=0 to «=a, and putting 
p= 1, we get 


— oka 7 
dg cM MES PS ag PC AOC A ia SRL 
k? 2 k? 2 
k +n +n 
+9 45 mg 
| ke +n? 


Again, integrating from v=0 to #=2m, and putting 
p=1, we find 


—2k7r 
wiles?" % 4 1) tee eee lee — Qe —rkw 1g@ - i : 
k k? +n? kh’ + n® 


Now subtract the foregoing result from this, and call 
the two sums we are in search of, S, and §,, then 


1 


and changing the sign of k, 


— Qare— ha 


1 
L—e-2kn — 7, — 28) — 2h Ss 5 


therefore, adding and subtracting, 


_vsinna a e*(t™—a) — e—k(x—a) 


_ 1 ae NS 
S; moh) ke? + mn? 2 ek _ e—kr 2 
Spunk ee ig ns a cme 
‘ etn? 2k ek@ — e—kn ole 


These formulz were first given by Poisson, and may be 
considered as embracing the chief results which have hitherto 
been obtained relating to the summation of series of the 
sines and cosines of multiple angles. 
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102. ‘The definite integrals required in the preceding 
investigation may be found as follows. Suppose 


(1 — p’) e-* 
Ler OG LS 
1—2p cos#+p 


to be the equation to a curve; and let it be proposed to 
find the limiting value of its area, from «=0 to w=a, on 
the supposition that p approaches continually to unity. First, 
we observe that all the ordinates will be ultimately evanescent 
except those corresponding to w# = 0, 2a, 47, &c., which will 
1+p 
LP 
of the expression for y. We will begin by supposing that 
a< 27; and therefore the only ordinates that we are con- 
cerned with are those immediately succeeding that through 
the origin; so that, making p=1-—p, and then supposing 
wx very small, we get successively 


becomes a factor 


be very large, because for those values 


yam (=p) erated) ope 2 
; 1H p +x 
p +40 —p) sin’ 5 


% ultimately ; 


A a 
capes Statice os 
p 


ta) . 
Ie Yp-1= 7, Making p = 0. 


Next, suppose that the area is to be found from a = 0 
to v=27; then, besides the area just found, there will be 
another portion immediately preceding the point for which 
#” = 27; to find this latter portion, put # =27 — a’, and call 

the ordinate y’; 


(i oat p’) en~2kat ky’ 
1 —2p cose’ +p? 


then y/ = =e rkry, 


therefore, the portion of the area immediately preceding the 
second limit = 7e~2*7; 


° 0 (27 — 2h 
7 8 E Yp-1 = TW + WE fe 
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103. As the following important theorems in Definite 
Integrals are based upon the preceding investigations, we 
shall here give the proofs of them, though not strictly be- 
longing to the present subject. 


___ =p) f@) 


=f (w)+2'S* p" cos (c-a) —. fw); 
1—2p cos(c—2) i +p" 
a 


ee vile e Upcl ele ATUL) 442) al eCOS 7h C -2)—. f(). 


Now, suppose c to be less than a, then for all valdee 
of « between w=—a and w=+a, y is evanescent, except 
when w=c; if therefore we write »=c+3%, supposing z ex- 
ceedingly small, and then integrate with respect to x, from 
%=0 to =r any small finite value, and double the result, 


and make p=1, we shall obtain the value of ““/,"*y,_,. 
But making p=1-p, we have 


_ pR-p)f(c+%) — 2efO 


80 Ts" 
2 roe 2 
Pp + 4 ¢ _ p) sin oe Pp + as 


ultimately, 


_ 2af(e) re eee 
7 (pa)’+ (2)? : 


9 4 
oda Peo tan“! 
T pa 


=f Ypar= af(e): 
1. 2af(e) = ~“*f"* f(a) + 218" “Leos n (ea) =. f(a), (13 


C= = F@) + : ~*6"* Scos (¢ — «) ~. f(#) 


+- cos (c — x) — f(a) + cos (c — 2) — .f(2) eats 
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therefore, making a infinite, 


1 Zz 
f(c)=— limit of ub ~“£*"S$ cos (c-@) ius cos(e—«) — +&c.t f(a), 
Tv a a a 


1 
or, f(c)= i °f “0 * “cos(c—a)z.f (x), (Integ. Cal. Art. 116), 


a theorem given by Fourier, and included, as we see, in the 
theorem (1), which was first given by Poisson. 


104. When in physical questions a definite integral arises 
whose value cannot be exhibited in finite terms, or in a form 
convenient for numerical calculation, the method of Quadra- 
tures is used as a substitute for Integration. This method 
consists in taking a series of values of the function to be in- 
tegrated, multiplying these by the differences of the cor- 
responding values of the independent variable, and adding 
together all the results. The sum of such results approxi- 
mates to the value of the definite integral, as the intervals of 
the independent variable are diminished.. The method is 
equivalent to adopting, for the area of a curve which a 
definite integral gives, the sum of the areas of a system of 
inscribed or circumscribed polygons. 


Let the equal intervals into which the independent variable 
w is divided be taken equal to unity, and let f(«) be the 
function of w to be integrated between assigned limits a and b. 
Take a value of it f(a+m—4) at the middle of the n™ 
of the intervals into which 6 —a is divided. If the intervals 
be very small, f(x) may be considered constant from 


w=at+n—1 to rw=a+n, or A®f (x) 


may be neglected; and the value of the definite integral is 
=f(at+n- t), where 7 1s to receive in succession the values 


Lyeks, Ss woe Ge 
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For greater accuracy, suppose A’ f(a) to be constant from 
e2=a to w=b, or A®f(a) 
to be neglected. Then 


* 
f(atn-t4x)=f(ain-4h)+e2Af(atn—-s) + 5 ANA (hy. 


and. the integral for the interval in question 1s 


i. f(a+n-4+4+2), from s=- 4 to v=, 


=flarn-3)+2 (<4 2) atfa)=flarn-d) +> AFC. 


The integral, consequently, from a@ to b, is 
1 

>> if(atn-s)+5 A’ f (a); 
m receiving the same successive values as in the former case. 
In calculating the value of a definite integral by this method, 
the intervals are to be taken smaller as the variation of the 
function is more rapid. | 


Convergency and Divergency of Series. 


105. <A. series 
U, + Uzt+ Uz +...+U,+...(to ©) 


“is called convergent, if the sum s, of any number ~ of its 
terms approaches continually to a finite quantity s as its 
limit, when 7 is indefinitely increased; and divergent in the 
contrary case. 


te 


106. When a series is convergent, the sum of any 
number of consecutive terms after the 2? continually tends 
to zero as m increases. For 


i 


bi 
Fs 
4 
\ 


Un 41 + Un +2 fe ese -b Uy 4 m= Sy 4m — Sy 5 
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therefore, as m increases, the value of the first member con- 
tinually approaches to s—s, or zero, as its limit. This 
being true when m= 1, we see also that w,,,, or the general 
term w, continually tends to zero as 7 increases, or each term 
is greater than the following; but this, although a necessary 
condition, is not sufficient to insure the convergency of a 
series. 


Thus in the series 


Sage Oy 


and therefore the sum of m consecutive terms after the n", 
does not diminish indefinitely as m increases; consequently, the 
series in question is divergent. 


107. In the geometrical progression 


n—L 


2 
Qa2t+av+an +...+ a2 


tet a (1s) 


1 —a” 
Sy =a 1 v ]) 
1— at 
Se im Ge ee ares 
] Lace wv 
1 — a” 
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Hence if a <1, when 7m is infinite a" = 0, 


also (w= 0," (See — Se 
both which results shew that the series is convergent. 


But if #>1, then w, = ax"-' increases indefinitely with 
m, which alone shews that the series is divergent. 


Hence the geometrical progression (1) is convergent or 
divergent, according as 2 is less or greater than unity; and 
it may be used as the test of the convergency or divergency 
of other series. For if a proposed series can be shewn to 
have no term greater than the corresponding term of (1) 
when w <1, then that series is convergent; or if a proposed 
series can be shewn to have no term less than the correspond- 
ing term of (1) when x > 1, then that series is divergent. 


Thus in the series for e, the base of the natural loga- 
rithms, 


1 1 1 1 
Ai RE 


the terms which follow the mn", viz. 

“a 1 1 

— +>—— + —— + &e 
lz jm+1 |m+2 


are evidently less than the corresponding terms of the geome- 
trical progression 


1 1 ] 1 
[n [mm |m met 


the sum of which is 
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and continually tends to zero as m increases. Therefore the 
proposed series is convergent; and the error in taking the 
aggregate of its first m terms for its sum, is less than the 
quotient of the m™ term divided by n — 1. 


108. From the measure of convergency or divergency 
which a geometrical progression furnishes, we shall now pro- 
ceed to deduce one or two other tests as given by Cauchy, 
Cours @ Analyse Algébrique. 


109. The series wu, +tU.+ ... +U,+ +. iS convergent, 


1 
or will become so, if the superior limit of (w,)” be less than 1, 
when 7 is infinite; and divergent in the contrary case. 


1 
Let % denote the superior limit of (w,)” when 2 is infinite ; 
and first suppose & <1; also, let a be any magnitude between 
k& and 1, so that k<a<1; then when 7 is increased inde- 


1 
finitely, (w,)” cannot approach indefinitely near to k without 
finally becoming constantly less than a. Therefore it will be 
possible to take for so large a value, that for that and all 


superior values, we may constantly have 
1 
(uji=ia, yuo. 


Consequently, the proposed series will finish by always 
having its terms less than the corresponding terms of the 
geometrical progression 


Wo Ot ee ea 
and as this series is convergent, a being <1, it follows that 
the proposed series will end by being, a fortiori, convergent. 
Secondly, suppose k >1; and take, as before, a between 
1 and k, so that K>a>1. Then, when n is indefinitely 


1 
increased, (w,)” cannot approach indefinitely near to & without 
finally becoming constantly >a; we shall therefore be able 
13 
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to satisfy the condition (u,)* > a, or u, >a", by taking » 
sufficiently large; and consequently we shall always find in 
the series wv, + Uy + eee + Un + Ung, + +e. 5 an indefinite number 
of terms greater than the corresponding terms of the geo- 
metrical progression a + a? +... a"+a"t!4..., which is di- 
vergent, a being >1; and therefore the proposed series will 
end by being divergent. 


110. It may be shewn that if, as m increases indefinitely, 


Un+1 


u, remains positive, and the ratio continually tends to 


n 


become equal to a finite quantity & as its limit, the expression 


(u,)* continually approaches to the same limit. Hence, the 
test of convergency or divergency in the last Article, may be 
changed into the following, which is more convenient in its 
application ; if the limit of the ratio of w,,, to w, when 7 1s 
infinite be less than 1, the series is convergent; and divergent 
in the contrary case. 


If & =1, this test gives no result in either form. 


111. Suppose that the series w, + wv: +U3+... consists 
of both positive and negative terms; then if v,, v2, v3, &c. 
be the numerical values of these terms, so that wu, =+%,, 
U,=+v,, &c., it is evident that the sum of the proposed 
series can never surpass that of the series 0, + ¥,+ 03 + ...3 
if therefore, the latter series be convergent, that is, if 


(“) a 
re 3 
Vy nr=@ 


the proposed series will be convergent; or, if the latter series 
finish by having terms greater than any assignable magnitude, 
that is, if 
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the same thing will happen to the proposed series, which will 
consequently be divergent. Hence, the above test is ap- 
plicable to series consisting of both positive and negative terms, 
provided we use the numerical values of the terms without 
regard to signs; and it fails, as in the preceding case, when 
1. 


LL. Let Ay +t aet+ Dy x0” eae a: t: a, a0” + oe. (1.) 


be a series arranged according to positive and ascending 
powers of the variable 7; the coefficients being positive or 
negative; then, by what has been proved, this series will be 
convergent or divergent, according as ka, (where 


1 
= a 
k = (4,)” = Subse 


n 


when m is infinite,) is numerically less or greater than 1. 


1 1 : 
Hence for all values of w between — F and + i the series 


will be convergent, and for all values of x beyond those 


limits it will be divergent. 


peg 2 (2 1) ie 2 gah), Sie?) : 


Ex. a’ + &e. 
1 a babies: 
a a a. vf s es s 
Here —*t* = ——— = —1, when » is infinite; 
An n+l 


therefore the series is convergent or divergent, according as «x 
lies between +1 and —1, or without those limits. 


Gn {aa 3a 
Ex. ~-+—+—+4+ &c. 
1 Ses ‘ 
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=a, when 7m is infinite; 


' ni+a 


therefore the series is convergent or divergent, according as 
@<or>l. 


E qt 1 I 
, Xs bi f2.c5 [Buna leas 


Ub +I I ° ° ° 
“— = —_—_=0, when 7 is infinite, 
Tee ea 


therefore the series converges. 


113. The series u,+u,+...+U,+... 18 convergent, 


log wu 
- be > 1, when 


or will become so, if the inferior limit of 
log — 
n 


m is infinite; and divergent in the contrary case. 


ree er log %, 4 
Let & denote the inferior limit of —2 ; when ” js in- 
log — 
on 
finite, and first, suppose & >1; also let a be any number 


between & and 1; so that k>a>1. Then when 7 is in- 


1 
‘log u es 
definitely increased, 7 or its equal 1 - cannot approach 
eit og n 
n 


indefinitely near to &% without finally becoming constantly 
greater than a. ‘Therefore it will be possible to take for n 
so large a value, that for that and all superior values we 
may constantly have 


1 1 1 1 5 1 iene uJ 
og — >ailogn > log nv (0) n OFS <a. 
$ s $ 3 3 n 4% 


nr n 
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Consequently the proposed series will finish by always having” 
its terms less than the corresponding terms of the converging 
series (Ex. Art. 112). 


1 i 1 1 1 I ye 
Sep ri sapralog Sdcey eg A a enemy eer eer pe ‘ 

Lie 2 3 n° (nm +1)" 

and therefore will itself end by being, a fortiort, convergent. 


Similarly, if & <1, it may be shewn that the proposed 
series will finish by being divergent. 
114. The series % +, + Ug+Uz3t+Mmt+uU,+&e. (1), 


each term of which is less than the immediately preceding 
term, 


and the series wu. + 2u, + 4U3 + 8U, + 16%5 + &e. (2), 


are convergent or divergent at the same time. 


Suppose series (1) to be convergent and that its sum =s, 
then 


Uy = Uos 
2Uy; = 2U}j5 
AUs << 2U2 + 2U3,5 


8 Uy << 2U, + 2Us + 2M, + ZU, 


We Uy + 2Uy + 4Uz + 8U, + 16%, + &e. 
< Uy + 2(Uy + Up + Uz + KC.) < 28 — WH, 


consequently series (2) is convergent. Next, suppose series 
(1) divergent, then ; 


Uy = Us 


4Us > Uz + Uy + Us + Ug 


seeveoea Cocos eeeveeeoeve O22 eee 


102 
fe Uy + 2U, + 4U3 + 8U, + KC. > Uy + Uy + Up + Us + Ke. 
and is therefore, divergent. 


Ex. Let series (1) be 


ibe ee mah) pre 
amiss pantie Paget see (3), 


then series (2) is 


a geometric progression convergent when m> 1, and di- 
vergent in the contrary case; consequently series (3) will be 
convergent if m > 1, and divergent if m= or < 1. 


115. The series wu, —u,+U;—U,+&c., is convergent, 
if the numerical value of the terms decreases without limit. 


For, by writing it in the forms 
U, — (U, — Us) — (Uy, — Us) — &e., 
Uy, — U, + (Uz — U,) + &e.; 


we see that it is >w,—w, and <w,, and therefore is con- 
vergent. 


Thus, the sum, of the series 


12.19 FI s 
<= om ome —-——-—-+ Cc. 
1 9 iuig 4 a 


1 : 
lies between 1 and rm also the series 


is convergent for all positive values of m. 
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116. It is also shewn in the work from which these tests 
of convergency are taken, that two converging series all whose 
terms are positive, will by their addition or multiplication 
produce new converging series, whose sums result from the 
addition or multiplication of the sums of the former. 


117. An approximate value of Sw, will be obtained by 
- taking the aggregate of the converging terms only, in the 
series for Sw, involving f,w,, U,, and the differential coefficients 
of u,; and the error will be less than the last of the con- 
vergent, or the first of the divergent terms. 


We have by Art. 63, (omitting the index of w, in the 


second member,) 


B, B; 3 
aba = SS rel ig AU + os. 


Bae 
(31 ie aes du + (—1)"2R,, (1) 


+1 : 2n+3 
_ at) 2 d2"t3 a4 + &c. ; 


— : “h=- —— 
ie as [22 +4 7 


er since in general, by Art. 67, 


where 2R, = 


BF foe 5 1 1 1 % 
SS ih a he Cer 
|2n (2 a)” a (4:0r)™" Ty (60) a 


1 1 
——— +... p dt! 
k, = {coca Gn * (Gar)"*? + © a 
] 1 
~ nar ant (4r)"*4 * 6m)" + ee. d: uy 
1 1 
pee a gents 
+ {esis 4 (4 arnt * Gaya t ¢ U 


— &ce.; 
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or, adding the terms vertically, and calling the resulting series 
V1, U2, &e., 


KH, = V1 + Ve + Vg + vee + Um + oes 


dently Dens dentin, 
where n= Goa Oma * Gama 8 
d*tly 
dv, = — (2mz)’ {v= =~ eye 3 
tly 
9 @ 
OF Am + (2m)? Vy, = @may’ 


and integrating this by the method of parameters, as in 
Art. 72, 


1 : 
v= si fo (sin 2maa . d3"*'u), 


2 (2m) 


since, vw being an integer, the term multiplied by sin2mae 
disappears, and cos2maa#=1; and the arbitrary constant 
is unnecessary, being already introduced in equation (1); 


sin 27 sin 4077 sin 6e7 
R,, aS i on+1 Sear 9 1 + 2 1 
2 (27) (4or)"*" (6xr)** 


~ ke} ba BT 
therefore, numerically, 
oR, <-2{ aid dia patie d2thay 
TT) ws lexle j Gays) Cnn eee 
ae! 
wa, lacuna LT 


|2n 


which last quantity lies between 
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if these be the last of the convergent and the first of the 
divergent terms respectively, of the series for 2w,. Conse- 
quently, the sum of all the diverging terms in the series for 
2u,, 1s less than the last of the convergent or the first of the 
divergent terms. 


Interpolation. 


118. When a series of values of a quantity is ob- 
tained either by observation, or laborious calculation, it 
is of great importance to be able to insert other values 
between them, such as would have resulted from a similar 
observation or calculation, without the labour of performing 
these. This is the object of Interpolation; and in this the 
Calculus of Finite Differences finds one of its chief uses. 
More strictly, Interpolation of Series is the inserting among 
the terms of a given series, new terms subject to the same law 
as the first. In doing this, the terms of the series are con- 
sidered as particular values of the function which expresses 
its general term, corresponding. to a given regular succession 
of indices; and it is the business of Interpolation to dis- 
cover that general term; or at least to assign such a function 
of the index as shall represent the given series of values, 
and, approximately, all intermediate values. ‘The problem 
thus requiring us to assign the analytical expression of a 
function from a limited number of its numerical values, is 
plainly indeterminate; it is the same as to form the equa- 
tion to a curve which shall pass through a limited number 
of points, whose abscissa represent the values of the inde- 
pendent variable, and the ordinates those of the function, 
without giving the species of the curve; which, as is evident, 
may be done in an infinite variety of ways. But if the 
given terms are numerous, and near to each other, the ex- 
pression for the general term, within the limits of the given 
quantities, may be found to a great degree of accuracy. 


119. There are two principal cases to be considered ; 
first, when the given values of f(x), namely, 


F(m), fl th), f(a + 2h)... flar+ (m-I)h}, or 
td U5 Us,  Ugy oesy Uns 


14 
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as we shall write them, correspond to values of the inde- 
pendent variable, 2, 7, +h, #7, + 2h, &c., a, +(m—-1)hA, in 
arithmetical progression. And secondly, when the given 
values f(x), f (v2), ... f(@,), OF U5 Uzs ... Un, correspond to 
values 2), @2,... @,, of the independent variable, not obeying 
any assigned law. 


120. Having given w,, U2, U3, &c. u,, m values of a 
function f(#), corresponding to the 2 values of the indepen- 
dent variable 2, a,+h, ...v,+(m-—1)h, to find an ex- 
pression for any intermediate value f(#, + 4). 


Since f(@ + nh)=f(@) +ndAf(e2) + ae 


A’ f(a@) + &e. 
(Art. 23) changing 2 into a,, and then replacing nh by &k, 
we get 

k (k —h) 


k 
fm, +h =m, +7 Au, + 1.2h? 


A*u, + &e. 


Ea) +e ~ (mn ~ 2h} 


jn —1.h""? AST: 
in which, since 
Au, =UW—-4U,, 
APu, =Uz— 2Ust+ %,, 
a cel te OT) pg _ 9 kp tac ale 


1.2 


if we make k=0, h, 2h, &c., (2 —1)h, the second member 
assumes the # values u,, ws.,...U,3; and not only this, but if 
we assume for & any value whatever between 0 and (nm —1)A, 
we shall obtain the value of the function corresponding to 
that value of the independent variable. 


121. In applying the above formula, the simplest mode 
is not to calculate Aw,, A*’u,, &c. by equations (2), but by 
continued subtraction of the given terms; that is, we must 
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write down the series of given values u,, U:; ... U,, and sub- 
tract each from the succeeding one; next subtract each of 
these differences from the succeeding difference ; then perform 
the same operation upon the new differences; and so on, till 
the process terminates; the first terms of these series of dif- 
ferences are the values of Aw,, A®u,, ... A®~'u,. Unless 
the terms of the given series by continued subtraction lead to 
a constant difference, the expression for f(a, +) will have 
as many terms as the given series has. 


Ex. 1. Having given the values of sin 30°, sin 31°, sin 32°, 
sin 33°, to find sin (30° +k’), & being between 0 and 180’. Here 


Uy = .5 A 

Ue = .5150381 | 150381 at 

ts = .5299193 | 148812 | — 1569 fa 
U, = .5446390 | 147197 | —1615 | — 46; 


Au, = 0°0150381, A?z, = —0°0001569, A*w, = — 0:0000046, 


k: (ke — 60) 


a ; k 
sin (30° +h) = .5+—Au, + 
60 2605 


Au, 
k (k — 60) (k& — 120) 


: Ab u,. 
2.3.60° ‘ 


If &= 20, it will be found that sin 30°.20' = .5050299, 
which is too large only by a unit in the seventh place of 
decimals. 


Ex. 2. Having given 
log 3.14 = 0.496929, log 3.15 = 0.498310, log 3.16 = 0.499687, 


log 3.17 = 0.501059; shew that log 3.14159 = 0.497149. 


Ex. 3. Having given 2, 2, U3, U,, four right ascensions 
(declinations, longitudes, &c.) of the moon at intervals of 
12 hours, to find its value ¢ hours after the time corresponding 
to the second value. Here h= 12, K=12+4, and if the 
required right ascension = wu, +0, then 
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a. ty (¢+12)¢ .,  (¢+12)¢(¢—-12) 
Usto= (1 —— ——— /?u, + ——— Aru 
aah LA 4 +35) Quit 6 rn 2.3.12 e 
1 1 Gi, al f\4 e t\3 
or §=(A'+5a'-2a')— +2 ar(=) + ne > 
: 2 6 12n°2 12 6.5 412 


2 t 

when developed in powers of ct 

122. Between every two consecutive terms of a given 
series, to interpolate any number of equidistant terms. 


Let w,, Uz, Uz, &e., uw, be the given series, and let m—1 
be the number of equidistant terms to be inserted between 
every two consecutive terms; then the new series will be 

Uy>5 Um+1y Um4+9, +. U2m-1, Usy U2me1, KC. 
m m m m 

If therefore v,,, denote the r+1™ term of this series, 

we have 


Te 
Vrs = Lpengcd: f [ 4% “), 


™m 


r r(r-—m) 
or Vrai= + — Ath + ‘Nitay ie 


A*u, + &e. 

Hence, taking r from 1 to m—1, we get the terms in- 
serted between w, and w,; next taking 7 from m-+1 to 
2m-—1, we get the terms between w, and w,; and so on. 
The differences Au,, A’u,, &c., are to be computed by con- 
tinued subtraction as: in Art. (121); and the series for v,,, 
will have as many terms as the proposed series has, unless 
those terms by continued subtraction lead to a constant dif- 
ference. 


Ex. To insert three equidistant terms between every 
two consecutive ones of the series 1, 7, 15, 28, 49, &c. 
Here m=4, and 
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125. We next come to the case where the given values 
SI (@); Sf (%), &e., F(@n)y «OF hy | Urey ees Uns 


correspond to values #,, 2,...%,, not obeying any assigned 
law; and it is required to determine a rational integral 
function of m—1 dimensions, f(#), which shall assume the 
m given values u,, U.,-..u,, When for w the values a,, 
Lz, #3, &C., wv, are successively substituted. 


Since f(#) is of (7 —1) dimensions, we may assume 


Sf (#) ze Cy C, + C, 4 
(w—2,)(@-a)...(w-av,) aa, we — &, T ssclitgiy ia ple 


“. f(x) = C,(@ — a,) (a — #3)... (@ — &,) 
+ C,(a—a,)(@—a;)...(@—a@,) +...+ C,(@—2,)(@—a)...(@—-@,_)). 


Now make v=2@,, a, &c., #,, successively; and observ- 
ing that the corresponding values of the first member are 
this Uses coe Uns we get 


U, = Cy (&@, — &2) (v7, — &3)--- (a — 2); 


Ug = Cy (&y — L,) (& — 23)... (@2, — &,) 


U, = Ci (z,, Os x,) (x, =: Xy) eee (x, c* @,-1) > 


(x — x) (@ — #3)... (@ — &,) 


(a — #2) (Y — 5)... (® — ,) 


. f(a) =u, 


(v — @,) (@ — @)...(v@ — @,) 


+ Uy 
* (i, — &,) (2 — a) 2. (My — &, 


+ &c. 


, aa) =m)... (@— 1) 
un (2, = a) (x, as H2) eee (@, a= dee) 5 


which is Lagrange’s Theorem for interpolation. 
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_ Ex. To find a function of w which, when 2 = 1, 3, 6, 12, 
shall assume the values 1, 7, 10, — 8. 


Np eal re Crd Sig a eat AC AG 


ws Oat sire 2) 


paint) Ges) Call) Rae wee) (@ — 3) (7 ~ 6) 


3.3 11.9.3 


126. To determine the maximum or minimum value of 
a function, from three of its values near its maximum or 


minimum, and the three corresponding values of the indepen- 
dent variable. 


If uw, t., us be the given values of uw, and a, a, as 
- those of a, we have 


(w—a,) (vw—as) Ae (x-a)) (7-3) x (w—a,) (w—a,) 


( (a@,—22) (@—&s) ‘ (v,—a) (4-43) ; (v;—2,) (w;—a) 


Hence, putting d,w =0, we find 
U; (a — ws) (2H — x, — &3) + Uy (@3 — @) (24-— a, — #5) 
+ Uz (X, — &) (22 — a, — &) = 0; 


ia uu; (a; on x) ae Us (w? aia w:) + U2 (x cee a’) 


ict 2 (a, aan &3) ae 2 Us (2, ome? &3) + 2U3 (a, P2) ; 


the value of # at which w is a maximum or minimum. This 
formula is useful in various Astronomical problems, as for 
instance, to determine the meridian altitude of a heavenly body, 


when an observation exactly on the meridian cannot be ob- 
tained. 
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67 r(r—4) r(r—4) (7-8) 1284+192r —477 47° 
ae 5 Al ten eh aD al 8 
4 16 128 128 


> 


- ; 317 504 695 Tels 
and the series is 1, ——-, —, eee SU comet 
I2Se eo lo 128 


123. The formula of Art. 120 may be presented under a 
different form by changing & into # —.,, which gives 


i" ¢ = a= ay /' 
f (x) =u, + Sf 8 Ge 


p (w — a)(~ — a—h)... Sx a —(n— 2)h} 


|” — Lith vee 


where f() is a function of # which, as w assumes the 7 values 
V2, 0 +h, &e., v,4+(m—-1)h, successively assumes the cor- 
responding values w,, U,, ... %, 3; and for any other value of 
« within, or not far beyond, the limits 2, and #,+(n—-1)h, 
it gives the value of the corresponding interpolated term. If 
we put h=1, the formula is adapted to the case where the 
increment of the principal variable is unity. 


—1} P 
Naat 3 


124. In any series of consecutive equidistant values of 
a function, where one is deficient to insert that one. 


Let w,, Uso, Uz, &c., w, be the values of the function 
corresponding to the values w,, 7, +h, ... v7, + (nm — 1)h for a. 
Then assuming that A"~1w,=0, or that the (m— 2)" dif- 
ferences are constant, which will almost always be the case 
in tabulated results, we have 


(n — 2 Gs — 2) ‘ 


~ 


A*"1, = Uy — (n— 1), + r-2 — &e. £u, = 0, 
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an equation of the first degree from which any one of the 
values as w, may be found, if the, rest be known. Having 
thus completed the system of values, we ‘may interpolate any 
“intermediate term f(x, +) by the method of Art. 120. If 
two values out of » are deficient, then we must suppose 


NL, PN ee 


(m — 2) (n - 3) 


U,_; — (mW —2) U2 + - ig: Un_3 — &C. £U, = 0, 


nm—2)(n— 3 
ding eG OS a 


which equations will suffice to determine any two of the values 
in terms of the rest. In the same way any number of 


deficient terms may be inserted. 


Ex. 1. Given the cube roots of 121, 122, 124, 125, to 
find that of 123. 


Uy = 4.946088, Us = 4.959675, Uy, = 4.986631, Us > 4 


Atty = Us — 4, + 6Uy — 4Uy + UU, = 03 


1 \ 
Ug = 5 44 (Uz + Wy) — Uy — Us} = 4.973190. 


Ex. 2. Given 2%, tU., U3; U,, to find uw, wm. 
Au, = Us me AU, + 6 us —4U, + Uy, a 6 
Ai tly = Ug — 4Us + 6 Uy — 43 + Uy = 03 


1 
AM Uz =O (- 3U, + 10%. + 5Us — 2Ug), 


u,= a (— 2, + 5tl, + 100, ~ 3tU,). 


G seihias liner Ae Uikacan ee ak od 
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